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Abstract. This paper introduces a class of polynomial maps in Euclidean spaces, in¬ 
vestigates the conditions under which there exist Smale horseshoes and uniformly hyperbolic 
invariant sets, studies the chaotic dynamical behavior and strange attractors, and shows that 
some maps are chaotic in the sense of Li-Yorke or Devaney. This type of maps includes both 
the Logistic map and the Henon map. For some maps in three-dimensional spaces under 
certain conditions, if the expansion dimension is equal to one or two, it is shown that there 
exist a Smale horseshoe and a uniformly hyperbolic invariant set on which the system is 
topologically conjugate to the two-sided fullshift on finite alphabet; if the system is ex¬ 
panding, then it is verified that there is an forward invariant set on which the system is 
topologically semi-conjugate to the one-sided fullshift on eight symbols. For three types of 
high-dimensional polynomial maps with degree two, the existence of Smale horseshoe and 
the uniformly hyperbolic invariant sets are studied, and it is proved that the map is topo¬ 
logically conjugate to the two-sided fullshift on finite alphabet on the invariant set under 
certain conditions. Some interesting maps with chaotic attractors and positive Lyapunov 
exponents in three-dimensional spaces are found by using computer simulations. In the end, 
two examples are provided to illustrate the theoretical results. 

Keywords: Attractor; Devaney chaos; fullshift; Henon map; Li-Yorke chaos; Logistic 
map; polynomial map; Smale horseshoe; uniformly hyperbolic set. 

1 Introduction 

The development of chaos theory dates back to Poincare’s work on the three-body problem 
[IQIIIT]. Thanks to the discovery of the Lorenz attractor and Li-Yorke chaos |33l|3llll5], the 
chaos theory is gradually becoming popular. Chaos theory is being successfully applied in 
many fields, from natural science to engineering. For example, it is an important branch of 
^ Email address: xuzhang08@gmail.com (X. Zhang). 
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dynamical systems in mathematics [5T], planetary orbits [38] and flnid motion [19] in physics, 
the analysis of chemical componnds [H] in chemistry, secnre commnnication [21] and chaos 
control [13] in engineering, new types of econometric models [30] and job selection [12] in 
economics. 

The well-known chaotic polynomial maps are the Logistic map and the Henon map, 
which were bronght forward by May [35] and Henon [28], respectively. These examples are 
important models in the research of nonlinear dynamics becanse of their simple expressions 
and complicated dynamical behavior. In engineering, chaotic polynomial maps were nsed 
as random nnmber generators and have many applications [19], snch as spread spectrnm 
commnnications [31], and cryptosystems containing image encoding [8] and data encryption 
[29] . Since the encoding methods are dependent on the properties of the chaotic maps, and 
the expressions for the polynomial maps are relatively easy, the polynomial maps in onr 
present work might be very nsefnl in the fnture applications. 

The Henon map or generalized Henon map is an important model in the research of 
two-dimensional polynomial diffeomorphic maps. Devaney and Nitecki investigated the con¬ 
ditions nnder which the real qnadratic Henon map has a hyperbolic invariant set on which 
it is topologically conjngate to the two-sided fnllshift on two symbols m- Friedland and 
Milnor showed that the polynomial diffeomorphic map from the real or complex plane to 
itself is either conjngate to a composition of generalized Henon maps or dynamically trivial 
[23] . Dnllin and Meiss stndied the conditions which imply that the real cnbic Henon map 
has hyperbolic invariant set [H]. The deeply relationship between the dynamical behavior 
and the change of parameters for the real Henon map was described clearly based on the 
work contribnted by Benedicks, Carleson, Viana, Yonng and et ah PiiniE]. Bedford and 
Smillie applied the techniqnes in complex dynamics to show the existence of a hyperbolic 
horseshoe and a qnadratic tangency between stable and nnstable manifolds of hxed points 
for the real Henon map nnder certain conditions, where the parameter is on the bonndary 
of the set, in which the map is nniformly hyperbolic on its non-wandering set [HI E]- Cao 
et ah investigated the existence of the nniformly hyperbolic set and an orbit of tangency 
for the Henon-like families of diffeomorphisms of real plane by nsing the methods in real 
dynamics [12]. The hyperbolicity, ergodicity, Lyapnnov exponents, topological entropy and 
so on, were also discnssed for the complex Henon maps (see mw and references therein). 
In [52], we stndied the existence of Smale horseshoe and nniformly hyperbolic invariant set 


2 


on which the map is topologically conjugate to the two-sided fullshift on hnite alphabet for 
the generalized Henon maps. 

There are many interesting chaotic attractors have been found in the study of the three- 
dimensional polynomial maps. Many authors investigated the following three-dimensional 
map F : {x, y, z) G ^ (/i, /a, /s) G : 

{ fi{x,y,z) = y 

{ f 2 {x,y,z) = z (1.1) 

[ fsix, y, z) = Ml + Bx + May - 2 ;^ 

where Mi, Ma, B are parameters. In [2B], Gonchenko et.al. studied the wild Lorenz-type 
strange attractors of system (II.Ih . In [25], Gonchenko et.al. studied the existence of wild- 
hyperbolic strange attractors and homoclinic bifurcations of system (O). In [27], Gonchenko 
et.al. investigated the bifurcations of system (II.Ih with non-transverse heteroclinic cycles. In 
[52] , Li and Yang investigated the three-dimensional Smale horseshoe and gave a computer 
assisted verihcation of the existence of hyperchaos of a class of three-dimensional polynomial 
maps. In [20], Elhadj and Sprott determined all the possible forms of the three-dimensional 
quadratic diffeomorphisms with constant Jacobian. In [22], Fournier-Prunaret et.al. studied 
the bifurcation and chaotic dynamics of a kind of three-dimensional maps of logistic type. 
In [23], Gonchenko and Li studied the existence of the uniformly hyperbolic invariant sets 
topologically conjugating to the Smale horseshoe for two cases of three-dimensional quadratic 
maps with constant Jacobian. In [IHIIIZ], Sprott gave the idea that the computer simulations 
play an important role in the search of the chaotic attractors and studied several types of 
polynomial maps. 

The polynomial diffeomorphic maps in high-dimensional spaces are different from those 
in two-dimensional spaces, since the degree of the inverse maps might be a large number and 
it is difficult to hnd the explicit expressions for the inverse maps. For more examples, please 
refer to the maps in Section 3 or related references [37] . There exists a bound on the degree 
of the inverse, that is, degree(F“^) < (degree(F))”“^ [T3]. To investigate the inverse of 
the polynomial maps, an interesting problem is the well-known Jacobian Gonjecture on M"', 
that is, is every polynomial map F : M"" —>■ M"" with non-zero constant detF'(x) a bijective 
map with a polynomial inverse? This is called the real Jacobian Gonjecture, if the map is 
dehned on C"", then this is the complex Jacobian Gonjecture. The important progress on 
this problem includes Moh’s proof for n = 2 and degree(F) < 100 [36], Wang’s study for 
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all n and degree(F) < 2 [50j, Bass, Connell, and Wright rednced the problem to a special 
case, and obtained that the maps of homogeneons type of degree exactly three can imply 
the Jacobian Conjecture [2], and so on. 

We introduce the following type of maps: 

Xn) = ttiiPi{Xi) + ^2<j<n 

^nnPnip^n) J“ Xjl<j<n— 1 

where Pi{xi), I < i < n, are real polynomials, a^, 1 < f, j < n, are real parameters. We 
study the case that n > 3. For n = 1, 2, some results can be found in [S2l 1^ . 

First, we study the following type of three-dimensional polynomial maps F : {x,y,z) G 
(/i, /2, /s) G : 

{ fi{x, y, z) = aip{x) + a 2 y a^z 

f 2 {x,y,z) = bix+ b 2 q{y) Fhz (1.3) 

fsix, y, z) = cix C 2 y + C 3 r{z), 

where Oj, 6 j, c* are real parameters, 1 < i < 3, p{x), q{y), and r{z) are real polynomials. 

(1). We investigate a type of diffeomorphism with polynomial inverse by assuming that 
fli 7 ^ 0 , 62 = C 3 = 0 , and p{x) having two different non-negative real zeros, and verify the 
existence of a Smale horseshoe and a uniformly hyperbolic invariant set on which the system 
is topologically conjugate to the two-sided fullshift on two symbols under certain conditions 
(See Theorems l3.1H3.2p . If p{x) has only m simple real roots, then there is a uniformly 
hyperbolic invariant set on which the system is topologically conjugate to the two-sided 
fullshift on m symbols under certain conditions (see Theorem 13.31) . 

(2). We study a class of diffeomorphism with polynomial inverse, where 0162 7 ^ 0, C 3 = 0, 
p{x) and q{y) are assumed to have two distinct non-negative real roots, and show that there 
exist a Smale horseshoe and a uniformly hyperbolic invariant set on which the system is 
topologically conjugate to the two-sided fullshift on four symbols under certain conditions 
(See Theorems 13 . 4h . If p{x) has only m simple real roots, and q{y) has only n simple real 
zeros, then there is a uniformly hyperbolic invariant set on which the system is topologically 
conjugate to the two-sided fullshift on mn symbols under certain conditions (see Theorem 

E2I). 
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(3). We study a kind of maps, where a\b 2 Cz 7 ^ 0, p(x), qiy), and r{z) have two different 
non-negative real roots, and prove that there is an forward invariant set on which the system 
is topologically semi-conjugate to the one-sided fullshift on eight symbols (See Theorems 


ESHSII]). 


Second, we investigate the following type of maps : F : (a:i,..., Xn) G K"" —)■ (/i,..., fn) G 




fl[Xi,...,Xn) Oil Xi -h X^2<j<n 



(1.4) 


fn{Xi, ...,Xn) = E 




V 


where atj, 1 < i,j < n, are real parameters. We study three kinds of polynomial maps 
by giving the inverse expressions, and show that there exist Smale horseshoe and uniformly 
hyperbolic invariant sets on which the maps are topologically conjugate with fullshift on 
hnite alphabet (see Theorem 14.ip . 

We show that some maps are chaotic in the sense of Li-Yorke or Devaney. We also apply 
the computer simulation methods to study the existence of chaotic attractors and calculate 
the maximal Lyapunov exponents (see Section 5). 

The rest of the paper is organized as follows. In Section 2, we introduce some basic 
concepts and results. In Section 3, we investigate the existence of uniformly hyperbolic 
invariant sets and complicated dynamics of maps (11.31) in three-dimensional spaces. We split 
this section into three parts. In Section 4, we study the existence of uniformly hyperbolic 
invariant sets and the chaotic dynamics of the maps fll.41) in high-dimensional Euclidean 
spaces. In Section 5, some interesting maps with chaotic attractors and positive Lyapunov 
exponents are obtained by applying computer simulations. In Section 6 , several examples 
are given to illustrate the theoretical results. 

2 Preliminaries 

In this section, the concepts of uniformly hyperbolic set, symbolic dynamics, and chaos, and 
related results are introduced. 
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Definition 2.1. [39l 03] Consider a map F : M" —)■ M". An invariant set A C M” is called 
a uniformly hyperbolic set for F, if there are constants C > 0, A > 1, and a continuous 
splitting (B w e A, such that 

1 . DFw{E^) = and DFw{E^) = 

2 . \DF;^{v) \ > C\^\v\, n e m > 0; 

3 . \DF-^{v)\ > C\"^\v\, V EE^^,m>0. 


Given a subspace E C M"" with 0 < dimi? < n and M"" = E (B E^^ where is the 
algebraic complement of E, the standard unit cone with respect to E is given by: 


K^{E,E-) = U = 


Vl 

V2 


: Vl e E, V 2 E E'', and \v 2 \ < |ni| 


Given a linear automorphism T : M" —)■ R"' with T{E) = E, the image T{Ki{E, E^)) is 
called a cone in R" with core E, denoted by C{E). For convenience, C is used to represent 
a cone in R'^, where the proper subspace E of R” is omitted. 

Suppose that F is a diffeomorphism on R” and G is a compact subset of R"", then 
A = n“j^F*(f/) is a compact invariant set. Let the cone field C = {C^} on A be the set 
of cones C TR"" = R", w E A. It is said that the cone field has constant orbit core 
dimension on A if dimF^, = dimFi?(^), w E A, where and are the cores of and 

Cf(^u)), respectively. 

Set 


mc^w = mc^w{F) 


inf 

vECiu\{0} 


DF^{y)\ 

|v| 


and 


m, 


'C,w 


= m, 


C^w 


(F) := 


inf 




where mc^w is said to be the minimal expansion of F on C^,, and is called the minimal 
co-expansion of F on Cw 


Lemma 2.1. ([39], Theorem 1.4) A necessary and sufficient condition for A to be a uniformly 
hyperbolic set for F is that there are an integer A^ > 0 and a cone field C with constant orbit 
core dimension over A such that F^ is both expanding and co-expanding on C. 
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Next, we introduce the symbolic dynamics [13]. Set So ■= {1,2, m > 2. Let 

Ylm ~ (■■■■> ®-25 02, •■•) : Oi G *S'o, i G Z} 

be the two-sided sequence space, where the distance on is dehned by d{a, (5) = Yl^-oo 
for a = (...,a_ 2 ,a_i,ao,ai,a 2 ,...), = (..., &- 2 , &-i, &o, &i, & 2 , ■••) G and d{ai,bi) = 1 if 

tti 7 ^ 6 j, and d{ai,bi) = 0 if = 6 *, i G Z. The shift map a : J2m dehned by 

a{a) = {...,b_ 2 ,b-i,bo,bi,b 2 ...) for any a = (..., a_ 2 , a_i, Oq, Oi, 02 ...) G where h = a^+i 
for any i G Z. We call two-sided symbolic dynamical system on m symbols, 

or simply two-sided fullshift on m symbols. 

Two dehnitions of chaos are introduced, which will be useful in the sequel. 

Definition 2.2. [33] Let {X, d) be a metric space, F : X —)■ X a map, and S a subset of X 
with at least two points. Then S is called a scrambled set of F if for any two distinct points 
x,y e S, 

\immid{F^{x),F'^{y)) =0, limsup d(F"(a;), > 0. 

n—>-oo 

The map F is said to be chaotic in the sense of Li-Yorke if there exists an uncountable 
scrambled set S' of F. 

Let (X, d) be a metric space. A continuous map F : X —)■ X is said to be topologically 
transitive if for any two open subsets U and Y of X, there exists a positive integer m such 
that F^{U) n Y 7 ^ 0; F is said to have sensitive dependence on initial conditions in X if 
there exists a positive constant 6 such that for any point x G X and any neighborhood U of 
X, there exist y E U and a positive integer m such that (i(F"*(x), F'^iy)) > 5. 

Definition 2.3. |T 6 | Let (X, d) be a metric space. A map F : Y C X —)■ Y is said to be 
chaotic on V in the sense of Devaney if 

(i) the set of the periodic points of F is dense in V; 

(ii) F is topologically transitive in V; 

(iii) F has sensitive dependence on initial conditions in V. 

In the above dehnition, condition (iii) is redundant if F is continuous in V by the result 
of |1], where V is an inhnite set. 
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Lemma 2.2. [1^ Theorem 2.2] The fullshift on hnite alphabet is chaotic in the sense of 
both of Li-Yorke and Devaney. 


3 Smale horseshoe in three-dimensional space 

In this section, we study the parameter regions of the maps (11 .dh such that there exist 
invariant sets on which the maps are uniformly hyperbolic and topologically conjugate with 
fullshift on hnite alphabet. 

For map fll.Sp . consider the situations that the polynomials p(a;), q{y), and r{z) have at 
least two distinct real zeros. 

The polynomial p can be written as 


p{x) = {x- tti)"*! • • • (x - (l/^ + /3ri+iy + • • • ( 2 /^ + /3siy + 751 )™“', 


where 



i=l 


i=ri-\-l 


and are real zeros of p{x) with ai < ■ ■ ■ < a^. 

The polynomial q{y) can be represented as follows: 


Q{y) — {y ~ " '{y ~ (2/^ + Vr2+iy + Cr 2 +i)"’^^^^ ■ ■ ■ (2/^ + 7^22/ + (32)^'“^ 5 


where 



2=1 


2 =r’2+l 


and .^ 1 , ...,^r 2 real zeros of q{y) with < • • • < ^t- 2 - 
The polynomial r{z) can be expressed as follows: 


r{z) = (z- KiY^ ■■■(z- {z^ + Pr^+lZ + ' ' ' {z^ + Ps^Z + , 


> 1,1 < * < S 3 ; ^ /i + ^ 2li = da; - 4z/fc < 0 , ra + 1 < fc < S 3 , 


2=1 i=r^-\-l 
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where 




and Ki,Krs are real zeros of r{z) with ki <•••< Kra¬ 


ft is easy to obtain that 


So, 


p'{x) 

p{x) 

Q'jy) 

(i{y) 

r'{z) 

r(z) 


ri 



Si 

+ E 

2=ri+l 


mi{2x + A) 

-f PiX + 7i ’ 


h hi‘2z + Pi) 

^ Z — Ki ^ Z^ + PiZ + Vi 
i=l * i=r3+l ' r-t ' t 


lim 

p'{x) 

= OO, 

lim 

p'{x) 

*0 

p{x) 


^^%+i 

p{x) 

lim 

q'{y) 

= OO, 

lim 

q'{y) 


q{y) 


q{y) 

lim 

r'{z) 

= OO, 

lim 

r'{z) 

kQ 

r{z) 


r{z) 


— OO] 

— OO] 

— OO. 


Lemma 3.1. [52l Lemma 3.1] 


(i) Snppose that there exists zq, 1 < zq < ri, snch that ai^ > 0. Then, 
(aip,aig+i) snch that p^”^*o^(aip)p'(a;) > 0 for all x G (ajp,5i], p^^‘^ 
all X e [(5'i,aio+i). 

(ii) Snppose that there exists jo, 1 < jo < r2, snch that > 0. 
< 52,^2 e feo^^io+i) such that q^''^o\^jo)q'{y) > 0 for all y G (^jo><^ 2 ], 
for all y G [(fs^Cjo+i)- 

(hi) Snppose that there exists ko, 1 < fco < ’" 3 , snch that Kko ^ 0. 
is. is € (Kfeo, Kfco+i) such that r^‘0(nk^)r'(z) > 0 for all a e (ato, ds], 
for all 2 e [ 1 S 3 , aro+i). 


(3.1) 

(3.2) 

(3.3) 

there exist (5i, G 
^(aig)p'(x) < 0 for 

Then, there exist 

q^'"^°Kijo)(i\y) < 0 

Then, there exist 
Z’‘^o\Kkg)r'{z) < 0 
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3.1 The maps with the dimension of the unstable subspace equals 
to one 

In this subsection, we investigate the polynomial maps 
(x, y, G ^ (/i, /2, /s) G : 


in the following form, F : 


fi{x, y, z) = aip{x) + a 2 y + a^z 
f2{x,y,z) = bix 
f3{x,y,z) = C2y 

where Oi, 02 , 03 , bi, C 2 are real parameters and 036102 7 ^ 0 . 

The derivative of fl3.4p is 

aip'{x) 02 03 
DF = \ 61 0 0 

0 C 2 0 

The inverse of F is : {x, y, 2 ;) G — )■ (hi, ^ 2 , h^) G 

hi{x,y,z) = ^ 
h2{x,y,z) = j- 


hix, y,z) = j^{x- aip{y/bi) - ^z 


and the derivative of H is 


DF 



bi 

0 


ai 


:P'{.y/bi) 


0 

J_ 

C2 

Q 2 


(3.4) 


(3.5) 


(3.6) 


(3.7) 


bias^ \J/ a3C2 

So, the determinant of the Jacobian of this type of maps is constant. 

To start our work, an example is introduced as follows: 

fi{x, y, z) = aix{l -x) + 02 ?/ + 03 Z 
f2ix,y,z) =bix 
f3{x,y,z) = C2y 

This example can be thought of as the generalization of the Henon map in three-dimensional 
spaces. 

Theorem 3.1. Suppose that there are 1 < fo < ''"1 such that 0 = OjQ < 0 * 0+1 and 771*0 = 
777*0+1 = 1, that is, there are two distinct non-negative zeros of p{x) with the multiplicity 
equals to one. If 


max{a 3 C 26 iO*o+i, 02610 * 0 + 1 , 02610 * 0+1 0302610 * 0 + 1 } < 0 and Oip'(O) > 0, (3.8) 
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then, for fixed 02, 03, 61, and C2 with |c2| < 1, and sufficiently large |ai|, there exist a 
Smale horseshoe and a uniformly hyperbolic invariant set A for the map fl3.4p . on which F is 
topologically conjugate to two-sided fullshift on two symbols. Consequently, they are chaotic 
in the sense of both Li-Yorke and Devaney. 

For convenient, assume that [a, h\ and [b, a] represent the same interval. Set 

U := [0,aio+i] X [0,6iQ!io+i] x [0,02610*0+1], A := 

\C2\ 

Lemma 3.2. Under the assumptions of Theorem 13.11 F{U) fl U and F~^{U) fl U have two 
non-empty connected components, respectively. 

Proof. First, we need to determine the image of the vertices of the cubic U under F. The 
vertices of U are 


A = (a*o+i, 0 , 0 ), 5 = (0*0+1, 6io*o+i, 0 ), C = ( 0 , 6io*o+i, 0 ), H = ( 0 , 0 , 0 ), 

A' = (0*0+1, 0 ,02610*0+1), = (0*0+1,610*0+1,02610*0+1), 

C = ( 0 ,6io*o+i, 02610*0+1), D' = ( 0 , 0 ,02610*0+1). 

The images of these vertices under F are 

F{A) = ( 0 , 6 iO*o+i, 0 ),F( 5 ) = (02610*0+1,610*0+1,02610*0+1), 

F{C) = (02610*0+1,0, 02610*0+1), F(T)) = ( 0 , 0 , 0 ), 

F{A') = (0302610*0+1,6io*o+i, 0 ), F(i?') = (02610*0+1-1-0302610*0+1,610*0+1,02610*0+1), 
F{C’) = (02610*0+1 -|-0302610*0+1, 0 , 02610*0+1), U(iA') = (0302610*0+1,0,0). 

From the map fl3.4l) . it follows that the transformation is linear with respect to the y 
and X variables. For the x variable, it is a parabolic-like function for x G [ 0 , 0*0+1]. By fl3.8p 
and the calculation of the vertices above, one has that if |oi| is sufficiently large, then there 
are two connected components of U fl F{U). 

On the other hand, the image of the vertices under F~^ = H are 

H{A) = (0,0, 0*0+1/03), i7(5) = (0*0+1, 0, 0*0+1/03), F(C) = (0*0+1, 0,0),iJ(T>) = (0,0,0), 

H{A') = ( 0 ,6io*o+i, o*o+i(l — 026 i)/o 3), Ff(i?') = (0*0+1,6io*o+i, o*o+i(l — 026i)/o3), 
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H{C') — (ttig+i, feittip+i, —a26iajp+i/a3), if(D') — (0, 6 iajp+i, — a2&iQ;jp+i/a3). 

Since F is diffeomorphic, U fl F~^{U) = F~^{U fl F{U)) has two connected components. 
This completes the proof. □ 

Lemma 3.3. Under the assumptions of Theorem 13.11 the invariant set A is uniformly hy¬ 
perbolic. 

Proof. By (i) of Lemma [ 3 T| assume that |ai| is large enough such that for w = {x,y,z) G 
U n F~^{U), one has that x G [0, ^i] U [<5^, ajg+i]. 

Since mig = mjp+i = 1 , set 


Suppose that 


|ai| > max 


Mn := min \p'ix)\ > 0. 

xG[0A]U[5pai(,+i] ' 


A -|- |ci2| + l^al AICI361C2I -|- I&1C2I -|- |ci2^i| 


Mq Mq IC2 I 

Now, it is to show that for any wq E U O F~^{U), one has that mc^wo > A. 
We introduce the unit cone: 

^^0 


Ki{R,W) = i^r = 


Uo 


: no e IR, Mo = (moi,Mo 2) e and |mo| < |mo| 


where |mo| = niax{|Moi|, |mo2|} and |v| = max{|no|, |mo|}- 


Denote 


Ml 

Ml 


= DF 


Wo 


), where ( ^° ) G A:i(M,M 2). By fM . 

Mo / V '^0 / 

Ml = aip'(a;o)Mo 02^01 + a3Mo2 
Mil = biVo , 

Mi2 = C2noi 


( 3 . 9 ) 


this, together with fl 3 . 9 p . implies that 


|mi| > |no||aip'(a;o)| - |a2||Moi| - |a3||Mo2| > |Mo||aip'(a:o)| - |a2||Mo| - lasIlMol > A|no|. 


Hence, mc^wo > A > 1 . 

Next, it is to show that for any point Wq E U O F{U), > A. For any 

A'i(M, M^), denote ^ ^ = DF~^ ^ ^, h follows from fl 3 . 7 l) that 





n_i = ^Moi 

M_ll = ^Mo2 

M-12 = ^Mo - ^p'(i/o/6i)moi - ^Mo2 
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If |mo| = |moi|, then by ([3J]), 


if |mo| 


U-i\ >|M-12| > + 77- Mip'{yo/h)\\uoi\ - ■r-^|M02| 

psl PlOsI \0>d,C2\ 

>t7^Mip'{ yo/hi)\\uo\ - ^|mo| - Y^\uo\ 
l&iasi Iasi |a3C2| 

>A|mo|; 


|mo 2|, then 


U-i\ > IM02/C2 I — A|mo,2| — A|mo|. 


Hence, > A. 

Thus, by Lemma 12.11 one has that the invariant set A is uniformly hyperbolic. The 
proof is completed. □ 


Therefore, it follows from Lemmas I2.21l3.2l and 13.31 that Theorem 13.11 holds. 


Theorem 3.2. Suppose that there are 1 < "io < such that 0 < ai^ < Oio+i, that is, there 
are two distinct positive zeros of p{x). Set 


Ml max{a2&iOiQ+a3C2&iQ<io) fl2&iQ<io+a3C2&iOjQ+i, a2&iQ;io+i+a3C2&iQ<io) fl2&iQ<io+i+ci3C26iQ;iQ+i}, 

M 2 := min{a2&l«io+a3C2&lttio) ®2&lQ^io'h®3C2&lttio + l) ®2&lttio+lA®3C2&lttio) ®2&lQ^io+l+®3C2&l«io+l}- 
Consider the following two situations: 

(i). Ml < Oip and aip^^'o')(^aig) > 0; (ii). M 2 > otig+i and < 0. (3.10) 

Then, for fixed 02, 03, 61, and C2 with |c2| < 1, and sufficiently large |ai|, there exist a 
Smale horseshoe and a uniformly hyperbolic invariant set A for the map f|3.4p . on which F is 
topologically conjugate to two-sided fullshift on two symbols. Consequently, they are chaotic 
in the sense of both Li-Yorke and Devaney. 

For convenient, suppose that [a, h] and [6, a] represent the same interval. Denote 

U := [ttjQ, Ofip+i] X [6iQ;jp, feittiQ+i] X [c2&iQ;iQ, C26iQ;iQ+i]. 

Set A := i^. It follows from the assumption 0 < |c2| < 1 that A > 1. The invariant set 
is given by 

+ 00 

A := fl F‘((7). 
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Lemma 3.4. In Cases (i)-(ii) of Theorem 13.21 for fixed 02 , 03 , 61 , and C 2 , and sufficiently 
large |ai|, one has that F(f/)nf/ and F“^(f/)nf/ have two non-empty connected components, 
respectively. 

Proof. By the definition of map fl3.4p . one has that the transformation is linear with respect 
to the y and 2 ; variables. 

Next, it is to study the transformation with respect to the x variable. First, it is to 
obtain the image of the vertices of U under the map F. The vertices of U are 


A — (Ofio + i, felCTio, C 2 &lQ;jp), B — (ttiQ+i, C 2 &lttjQ), 

C , ^ 2630 ^^ 0 ), D , 0265 ^ 0 ^ 20 ): 

C = (ofio, feittig+i, C 2 &ia 2 Q+i), D' = (ajp, C 26 iQ;jp+i). 
The images under F are 


-^(^) ~ — (®2&l«io-|-l+®3C26lQ!io, ftlttio+l, C2 &iQ!2q+i), 


F{C) = (a 2 ^lCtio+l + ®3C2&l«io) '^ 2 &l'^io+l))= (a 2 &lCtio + ®3C2&l«io) )'^ 2 ^ 1 '^io)) 

F[A') = (a26iajp-fa3C2&ia2o+i, &iajp+i, C 2 &iajQ), = (a2&ittjo+i+®3C2&ittjo+i5 '^2^ittio+i)5 

F{C') = (a26iajp+i-|-a3C26iQ!io+i, feiOfio, C 2 &iQ!jp+i), F(Zi)') = (a2&iQ;io-|-a3C26iajo+i, C 2 &iaio)- 


This, together with (13.101) . implies that there are two connected components of f/ fl F{U) 
for sufficiently large |ai|. 

On the other hand, the image of the vertices of U under F~^ = H are 


H{,A) — ( ajg, —(ttio+i ~ ®2&ittio) ]) H[B) — i ajp+i, feiajp, —(aio+i ~ ®2&ittio) ) > 

'03 y V «3 


H{C) = 





Qj2b\(y. 


^0, 


,H(D) 




(l2b\Ol 


10, 


•> 


H{A') 

H{C’) 


^0^20, ^l0^2Q+l, ^ (^20+1 ^ 2 ^ 10 ^ 20 + 1 )^ : H(^B ) ^0^20 + 1, ^10^20 + 1: ^ (^ 20 -t-l ^2^l0^2o-t-l)^ : 

+ biai^+i, ~i^io ~ ® 2 &ltt 2 o+l)^ 5 H[D') = ^Q!j 0 , 61020+1, ~(*^20 ~ ®26iO20+i)^ . 


It follows from the fact F is diffeomorphic that U A F ^{U) = F ^{U A F{U)) has two 
connected components. The proof is completed. □ 
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Lemma 3.5. In Cases (i)-(ii) of Theorem 13.21 for fixed 02, 03, 61, and C2, and sufficiently 
large |ai|, one has that the invariant set A is uniformly hyperbolic. 


Proof. In the following discussions, we always assume that 02, 03, bi, and C2 are fixed, and 
I Oil are sufficiently large. By (i) of Lemma ITTI assume that |ai| is sufficiently large such 
that for w = {x,y,z) G f/ fl one has that x G («*(,, 5 i] U [ 5 ^,ajp+i). For any point 

Wo = {xo,yo,zo) G U, set wi = F{wo) = {xi,yi,zi) and w_i = F-^{wo) = {x-i,y-i, Z-i). 
First, by fl 3 .ip and Lemma ITTI one has that for w = {x,y, z) E U O F~^{U), 


Case (i) : 


|a.p'(.)| ^ n.ax|A+K| + |.3l. 


Case (ii) : AAfii > 


|aip(x)| aig-Mi 

max (a + |a2| + |a3|, ^I^3bic2|+|feic.|+|a,bi| 


|C2| 


\aip{x)\ M2-aio+i 

For any point Wq E U H F~^{U), one has 

Xi = aip{xo) + 021/0 + 03^0 
Vi = biXo 
Zi = C2X0 


( 3 . 11 ) 


( 3 . 12 ) 


that is, aip{xo) = xi — 021/0 — O3Z0, implying that 


Case (i) : Oip(a;o) > — Mp, Case (ii) : —Oip(a;o) > M2 — ohq+i- 


( 3 . 13 ) 


For any point Wq eU F{U), by fl 3 . 6 l) . one has. 


■^-1 bi 

y-i = ^ 

i- C2 


^-1 = - aiPiVo/bi) - ^zo 

that is, Oip(x_i) = aip{yo/hi) = xq — a^z^i — ^zq, yielding that 

Case (i) : Oip(a;_i) > — Mi; Case (ii) : —Oip(a;_i) > M2 — ai^+i. 

Hence, it follows from fl 3 . 1 ip and fl 3 . 13 p that for any point Wq E U f] F~^{U), 


( 3 . 14 ) 


Cases (i) and (ii) : |oip'(a;o)| > A + I02I + I03I. 


( 3 . 15 ) 


Now, it is to show that for any wq E U O F{U), one has that me,wo ^ 
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Consider the unit cone 


Ki(R,R2) = |v = j : VqER, Uo = {uoi,Uo2)^ e R^ and |mo| < |no| !>, 
where |mo| = niax{|Moi|, |mo 2|} and |v| = niax{|r;o|, IwqI}- 


Suppose that ( 1 ~ 


Vo 


Vo 


^0 ^ where it'i(R,R2). By ([33]), 

' Uo J \ Uo 


Vi = aip'{xo)vo + 02^01 + 03^02 
Mil = hvo 
Vl2 = C 2 M 0 I 


this, together with (13.151) . implies that 

|mi| > |no||aip'(2:o)| - |a 2 ||Moi| - |a3||Mo2| > |Mo||aip'(xo)| - |a 2 ||Mo| - ksIlMol > A|no|- 


Hence, mc^wo ^ A. 

By (13.1211 and (I3.14p . one has that for any point wo E U O F{U), 

A|a3^iC2| + I&1C2I + |a2^i| 


|aip'(a;_i)| = |aip'(i/o/&i)| > 


C2 


(3.16) 


Next, it is to show that for any point wq E U O F{U), > A. For any ^ 


Mo 

Uo 




3'i(R, R^), that is , |mo| > |mo|, suppose 


M-l 

U-l 


= DF„ 


-1 / ^^0 


WQ 


Uo 


, by (13.7p . one has 


M-l = ^Moi 
U-u = ^Uo2 

U-12 = -Vo - ^p'(i/o/&i)moi - ;^M02 
If |mo| = |mo 2 |, then |m_i| > IM 02 /C 2 I = A|mo, 2 | = A|mo|. If |mo| = |moi|, then by (| 3.16p , 

|m_i| >|M-12| > -7^|Mo| + —^|aip'(l/o/6i)||Moi| - ■r^|M02| 


«3 


IfolOsI 


a3C2 


>Tr^MiP\yo/bi)\\uo\ - ^|mo| - ^^|mo| 

|Mia3| psl I03C2I 

>A|mo|. 

So, > A. 

Thus, it follows from Lemma 12.11 that the invariant set A is uniformly hyperbolic. This 
completes the proof. □ 
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Therefore, by Lemmas 12.2113.41 and 13.51 one has that Theorem 13.21 holds. 


Theorem 3.3. For system (13.dh . suppose that p{x) = Y\T=ii^ ~ where oi < 02 < 
■ ■ ■ < am are real numbers, and m > 2. For any hxed 03 , bi, and C 2 with |c 2 | < 1, and 
sufficiently large |ai|, there exist a Smale horseshoe and a hyperbolic invariant set on which 
F is topologically conjugate to the two-sided fullshift on m symbols. Consequently, F is 
chaotic in the sense of both Li-Yorke and Devaney. 

Proof. Denote A := By the properties oip{x), there are positive constants rji, 1 < i < m, 
such that the sets 1 ^ = [a* — pi, ai + pi], 1 < i < m, are pairwise disjoint, and \p'{x)\ > 0 for 
all X G Vj, 1 < i < m. 

Set 


U := [ai - pi, am + Pm] x [61 (oi - r/i), bi{am + Pm)] x [ 0261(01 - r^i), 0261 ( 0 ^ + Pm)], 


and 


Set 


+ 00 

A-.= f\Fi{U). 


^0 •= \p'ix)\, Ml := min \p{ai ±pi)\; 

l<2<m 


No := max 


A + |n2| + A|a 36 iC 2 | -I- I61C2I -I- 10-261 


Ni : = 


Mo Mo IC21 

(1 10261! I03C261I) maxdoi - r^il, |a„ Pn\} 

Ml 


If |oi| > No, by applying similar discussions in the proof of Lemma [3.31 one has that the 
invariant set A is uniformly hyperbolic, where the constant Nq is similar with the constant 
specihed in fl3.9p . 

If I Oil > Yi, by applying simple calculation and the fact that p{x) has simple real roots, 
one has that F{U) fl U has m connected components. 

Hence, if |oi| > max{Yo,Yi}, then there exist a Smale horseshoe and a hyperbolic 
invariant set on which F is topologically conjugate to the two-sided fullshift on m symbols. 
This, together with Lemma 12.21 yields that F is chaotic in the sense of both Li-Yorke and 
Devaney. This completes the proof. □ 
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3.2 The maps with the dimension of the unstable subspace equals 
to two 


In this subsection, we consider a subclass of the maps fll.Sp satisfying that 03 = C 2 = C 3 = 0, 
^ 2^3 7 ^ 0, Cl = 1, and 02^3 7 ^ 0, which are represented as follows: F : {x,y,z) G ^ 


(/i,/2,/3)eM3; 

{ fi{x,y,z) = aip{x) + a2y 
f2{x, y, z) = bix + h2q{y) + hz 
f3{x,y,z) = X 

The derivative of F and the determinant are 

( aip'{x) 02 0 \ 

bi b 2 q\y) bs 

1 00 / 


(3.17) 


(3.18) 


and 02^3 7 ^ 0, respectively. The inverse of F is H : {x, y, G —)■ (hi, ^ 2 , h^) G : 


hi{x,y,z) = z 
h 2 {x,y,z) = ^{x - aip{z)) 
h 3 {x,y,z) = ^{y - biZ - b 2 q{^{x - aip{z)))) 

and the derivative of H is 

1 


DF-^ = 


0 

0.2 


0 

0 


■Sp'(7 


(3.19) 


(3.20) 


5 -| + - aiP(2)))p'(-) 

The determinant is l/a 2 & 3 . Hence, polynomial maps (13.17^ are diffeomorphisms with con¬ 
stant Jacobian and polynomial inverse. 


To begin our study, a toy model is introduced as follows: 

{ fi{x, y, z) = aix{l -x) + a 2 y 

f 2 {x,y,z) =bix + b 2 y{l-y) + b 3 Z . 
f3{x,y,z) = X 

This model can be thought of as another generalization of the Henon map in three-dimensional 


spaces. 

Now, we show that for certain parameters, there exist uniformly hyperbolic invariant 
sets and chaotic dynamics. 


Theorem 3.4. Suppose that there are 1 < ^0 < ’"1 and 1 < jo < ^2 such that 0 = Ojp < «jo+i, 
0 = < ^ 10 + 1 , and rriiQ = mjQ+i = rij^ = = 1 , that is, there are two distinct non¬ 

negative zeros of p{x) and q{y). If 

02 < 0 and aip'(O) > 0 , and bi < 0 , 63 < 0 , and b 2 q'{ 0 ) > 0 , (3-21) 
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then, for fixed 02 , &i, and 63 , and sufficiently large |ai| and I 62 I, there are a Sniale horseshoe 
for the map fl3.17p . and a uniformly hyperbolic invariant set A on which F is topologically 
conjugate to two-sided fullshift on four symbols. Therefore, they are Li-Yorke chaotic as well 
as Devaney chaotic. 

Consider the compact set 

U := [0,aio+i] X [0,^jo+i] x [0,aio+i]- 

Take a constant A > 1. The invariant set is denoted by 

+ 00 

— 00 

Lemma 3.6. Under the assumptions of Theorem 13.41 one has that F{U)r\U and F~^{U)r\U 
have four non-empty connected components, respectively. 

Proof. It is to show that F[U) fl f/ has four connected components. We will describe how 
to think of the image of F{U). 

First, it is to find the position of the image of the vertices of the cubic U, that is, the 
image of A, B, C, D, A', B', C, D' under F. We only need to know the relative position of 
F(A), F(5), F(C), F(T)), F(A'), F{B'), F(C"), F{D'). The vertices of the cubic U are: 

A = (ttip+i, 0, 0), i? = (ofio+i, Cio+i) 0)) = (0, ^jo+i, 0), F> = (0, 0, 0), 

A (Ojg-l-l, 0 , S (CTjg^l , , Ojg-l-l) , C* ( 0 , q ^ , CT jg _|_ ^ ) , d ( 0 , 0 , Of jg ^ , 

the image of the vertices under F are 

F^(A) ( 0 , 63 Q:jg_|_ 3 , Q:jg_|_ 3 ), F(^B^ (® 2 'Cjo+l’ ’ ®* 0 +l)’ ■^(^) (® 2 'Cjo+l’ ^5 ^)’ 

= (0) 0, 0), F{A') = (0, ( 6 i -|- &3)aio+i, «io+i)) ^{B') = (a 2 C^jg+i, (&i -l- &3)«io-i-i) ct«o+i)) 
F{C') = (a 2 C^jg+i, fe3aio+i, 0), F(D') = (0, 63Q;jg+i, 0). 

Set 

AD := {{x,y,z) : x G [0, Oig+i], ?/ = 0,z = 0}, 

AB := {(x, y,z) : x = a^g+i, y G [0, ^^g+i], z = 0}, 
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AA' := {(x, p,z) : x = p = 0,z e [0, 0 * 0 + 1 ]}, 


ABCD ■= {(a:, p, z) : (x, p) e [0, 0 * 0 + 1 ] x [0, ^^o+i], ^ = 0}. 


Second, it is to determine the image of the plane ABCD by using the expression (I3.17p . 
By (I3.17p . F{AD) is a parabola along the x-axis, and F{AB) is a parabola along p-axis. The 
image of ABCD under F can be thought of as a movement of the parabola F{AD) along 
another parabola F{AB), but the direction of F{AD) should not change too much. 

Finally, it is to study the graph of F{U). By (I3.17p . F{AA') is a line segment. We push 
forward the surface F{ABCD) obtained in the previous step along F{AA'). The graph of 
F{U) comes out! 

Hence, there are four non-empty connected components of F{U)r\U for sufficiently large 
|ai| and | 62 |- 

Now, it is to study F~^{U) fl U. The image of the vertices of U under F~^ = FI are 


H{A) = 0, 


OliQ+l —&2Q'(tt*o+l/®2) A 

^2 ’ h ) 


,H{B)= 0, 


^*0 + 1 (Oo + l ^2Q'(t^jg + l/Ci2)) A 


H{C) = {0,0,^,,+Jbs),H{D) = (0,0,0), 

c^iQ+i (—&iQ;*g+i — 62g(Q*o+i/Q2)) A 


HiA') = ( a*g+i, 

H{B') = 


^20 + l ? 


02 bs 

Q^io+i (^io+1 ~ biajQ+i — &2g(Q*o+i/o2)) \ 

bs r 


02 


H(C') = 0, feo+i y H(D') = 0, ■ 

By (13.191) . one has that for hxed 02 and 63 , and sufficiently large |ai| and I 62 I, given any 

{xo,Po,zo) e U, 

' Xq = z 

yo = “ aiPiz)) 

zo = ^( 2 / - hz - b2q{j^{x - aip{z)))) 
if there is a solution of the above equations, then there should exist four different solutions 
by Lemma [Sm Further, it follows from F~^{U) DU = F~^{U fl F(U)), the fact that F is 
a diffeomorphism and the above geometric description of F{U) that F~^{U) fl U has four 
non-empty connected components. The proof is completed. □ 


Lemma 3.7. Under the assumptions of Theorem 13.41 the invariant set A is uniformly hy¬ 
perbolic. 
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Proof. Fix 02 , &i, and 63 , it follows from (i) and (ii) of Lemma ISTTl that we could assume 
|ai| and I 62 I are sufficiently large such that for w = {x,y, z) E U O one has that 

X e ^i] U ttio+i] and y E [C^o, ^ 2 ] U [5^, Cjo+i]- any point wq = (a:o, l/o, ^ 0 ) e U, set 
wi = F{wo) = (xi, 1 / 1 , zi) and w_i = F"^(m;o) = {x_i, y_i, z_i). 

Set 


Mo := min <( min \p'(x)\, min \Q'iv)\ 

^G[0,5i]U[5'i,aio+i] ye[0,&]U[5',«,o+i] 


Suppose that 


I ^ max{A + |a 2 |, 1 + |a 2 ^ 3 |-^ + |® 2|(1 + l^il)} il 1 ^ + l^il + l^sl 

®i| ^- 77 -) P2I ^ - 


Mo ’ ' - Mo 

Now, it is to show that for any point wo E U O F~^{U), me,wo ^ 


Introduce the unit cone 


= < V = 


^'0 

Mo 


Mo = (^^oi,^^ 02 )'^ e Mo e M, and |mo| < |mo| 


where |mo| = max{|Moi|, |mo 2 |} and |v| = max{|Mo|, |mo|}. 


For any 


Mo 


eiFi 


Vi 

Ml 


= DF, 


Vo 


wo^ „ r By (EUD, 

Mq 


Mil = aip'(xo)voi + a2M02 

V 12 = bivoi + h2q'{yo)vo2 + huo 

Ul = Moi 


By (1 3.22 1), if |mo| = |moi|, then 


(3.22) 


> |^^oi||aip'(a:o)| - IosHmoiI > A|moi|; 


if |mo| = |mo 2 |, then 


1^^121 > \Vo2\\h2q'{.yo)\ - |&l||^^02| - l^slkol > A|Mo2|, 


which implies that |(mi,mi)| > A|(mo,mo)|. Hence, me, wo > A. 

Next, it is to show that > A. for any point Wq E U E\ F{U), take any ^ 


"^0 

Mo 




iLi(M^,M), that is , |mo| > |mo|, suppose ( ^ ^ ) = DF.^^ | ), by fl3.20p . one has 

M_i J \ Mo 


M_ii — Mo 

V -12 = i;Voi - tp\zo)uo 


M_1 = 


— b2 JI 1 


^'(^7(^0 - aip{zo)))voi + ^mo 2 - ^Mo + - aip{zo)))p'{zo)uo 


< 2 . 2 ^ 3 ^ ^ ^2 




<22^3^ ^ ^2 
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So, by 


|m-i| > 

^ ai&2 


- aip(^o))V'(^o) 


02 




l^^ol - 


> 


02^3 

0162 


Q 


02^3 

>A|mo|, 


q' 


(xo - aip{zi)) jp'{zo) 
(xo - aip{zo)) )p'{zo) 


l«o| - 

\Uo\ - 


02^3 

&2 


02^3 




02^3 


q' 


q'(^-^{xo - aip{zo))^ 
1 

— (xo - aip{zo)) 

02 

— (xo - aip{zo)) 

02 




l^^ol - 

\Uo\ - 


Ih 

\V02\ _ 

1^3 


Ihl 

l%l 


M 
4i“oi 


- T^I“o| 


1 ^ 3 ! 1^3 


which yields that > A. 

It follows from Lemma 12.11 that the invariant set A is uniformly hyperbolic. This com¬ 
pletes the proof. □ 


Therefore, it follows from Lemmas 12.2113.61 and 13.71 that Theorem 13.41 holds. 


Theorem 3.5. Suppose that there are 1 < fo < ’"1 and 1 < jo < ’"2 such that 0 < < 0 * 0+1 

and 0 < ^jo < Oo+i) is, there are two distinct positive zeros of p(x) and q{y). Set 


Ml := max{a2^jo>«2^io+i}, ^2 := min{a2^jo> «2^io+i}) 


Ni max{6iQ!jo + ^ 3 <a*o 5 &io*o -|- 630*0+15 ^i<a*o+i + 6io*o+i + 630*0+1}, 

N2 := min{6io*o -|- b^ai^, 6io*o -|- 630*0+1, 6io*o+i -|- b^aig, 6io*o+i -|- 630*0+1}. 

Consider the following different situations: 

(i) . Ml < 0*0 and aip^™'*oi(o*o) > 0, and Ni < Qg and 62 g^"™i(^jo) > O 5 

(ii) . Ml < 0*0 and aip^™'‘oi(o*o) > 0, and N 2 > ^jo+i < O 5 

(iii) . M 2 > 0 * 0+1 and aip*^™'‘oi(o*o) < 0, and A^i < Qg and b 2 q'^'^^o\ijg) > 0; 

(iv) . M 2 > 0 * 0+1 and aip('"*oi(o*o) < 0, and N 2 > ijg+i and 62 g^”™i(^jo) < 0- 

Then, for fixed 02 , 61 , and 63 , and sufficiently large |ai| and I 62 I, there exists a Smale horseshoe 
for the map fl3.17p . especially, there is a uniformly hyperbolic invariant set A on which F is 
topologically conjugate to two-sided fullshift on four symbols. Therefore, they are Li-Yorke 
chaotic as well as Devaney chaotic. 


|wo| 
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Remark 3.1. The four different situations in the assumptions of Theorem 13.51 is the gener¬ 
alization of the assumptions fl3.10p in Theorem 13.21 


Consider the compact set 

U . [ttjQ, ttjQ-i-i] X ^ ; *^*o+l] • 

Fix a constant A > 1. The invariant set is denoted by 

+ 00 

A:=f\F‘{U). 

—oo 

Lemma 3.8. In Cases (i)-(iv) of Theorem 13.51 for hxed 02 , 5i, and 63 , and sufficiently 
large |ai| and I 62 I, one has that F{U) fl U and F~^{U) fl U have four non-empty connected 
components, respectively. 

Proof. It is to show that F{U) n U has four connected components under the assumptions 
of Theorem 13.51 We will give the geometric description of F{U) in the case: 02 > 0, 63 > 0, 
h = 0, a 2 ^jo+i < ^3aio+i < and > 0- The graph for 

other parameters could be obtained similarly. 

First, Since t/ is a cubic, the hrst step is to hnd the position of the vertices, that is, 
the image of A, B, C, D, W, R', C", D'. We should know the relative position of F’(A), F{B), 
F{C), F{D), F{A'), F{B'), F{C'), F{D'). The vertices of the cubic U are listed as follows: 

^ (*^*0 + 1 > (o^io + l > ^to + 1 > ^ (®io > Oo + l > (®io > ) > 

-T (o^io + l 5 '^JO 5 ®*0 + l) 5 *0 + 1 ’ '^JO + 1 ’ ®*0 + l ) 5 ^ (^*0 ! '^JO + 15 ®*0 + l) ’ (®*0 5 Cjo ! ®*0 + l ) ) 

the image of these points under F are 

T(.A) ! ^l*^*o+l T ! ®*o+l)) T'('®) (®2'bio+l! ^l®*o+l T ^3^1*0 5 *^* 0 + 1 )5 

F{C) = (a2'Cio+i! + ^3Q:io, ajp), F{D) = (a2'Cio! + ^ 3 ^ 10 , <+* 0)5 

F(^A ^ ^(Z2'^jq, 5]^o:2Q-j-i “t” ^sH-io+i? ^* 0 + 1)5 F(^B ^ ^(Z2'^jq-i-i, ^id*o+i T ^3ii^*o+i’ ^* 0 + 1 )’ 

F{C') = {(i2^jo+iT^i<^io + ^3Ciio+i) cijg), F{D') = {a2^jo,biaiQ -|- 630 : 43 + 1 , ttjp). 

It is evident that the image of the vertices are not contained in U. 
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AD := {(x, y,z)-. xe 0*0+1]) 2 / = ^ = «io}) 

AB := {(x, y,z): x = a*o+i) V ^ feo ^io+i]) ^ = «*o}) 

A A . ■[ (x, y j z') . X 0*0^1 , y , z G [ojq , Ojo_|_i] j- , 
ASCD := {{x,y,z) : {x,y) G [a*o,«io+i] x feo)Cjo+i])^ = «io}- 


Second, it is to determine the image of the plane ABCD nnder the map F. By fl3.17p . 
F{AD) is a parabola along the x-axis, and F{AB) is a parabola along y-a.xis. The image 
F{ABCD) can be regarded as a movement of the parabola F{AD) along another parabola 
F{AB), bnt the direction of F{AD) shonld not vary too much. 

Finally, it is to investigate the graph of F{U). It follows from fl3.17p that F{AA') is a line 
segment. The graph of F{U) can be obtained by moving the surface F{ABCD) obtained in 
the previous step along F{AA'). 

Hence, there are four non-empty connected components of F{U)r\U for sufficiently large 
|ai| and | 62 |- 

Now, it is to study F~^{U) n U. The image of the vertices of U under F~^ = H are 

Hio+l (Oo ^2 Q'(c1*o+i/®2)) A 


H{A) = 1^0*0, 
H{B) = ' 


a 


^0 ’ 


02 ’ h /’ 

ciio+i (Oo+i ~ haio — b2q{aio+i/a2)) \ 

02 ’ h ) 


H{C) = a 


Ho 


H{D) = 


a 


(Oo+l biOiiQ b2Q{oiiQ j (X2)')'\ 

(^to ^l^io ^ 2 ^( 11 * 0 / 02 ))^ 

'0) ) T I ) 

O 2 O 3 / 


H{A') = «*„+!, 


11*0+1 i^jo ~ ^iii*o+i ~ ^2g( ii*o+i/ 02 )) ^ 


H{B') = «*„+!, 


02 h 

11*0+1 (Oo+l ~ ^lll*o+l ~ ^2^(11*0+1/02)) A 

02 ’ h r 


jx(I (^io+i ^iii*o+i ^25 '(ii*o/o2)) 

H[L ) = a*o+i, —,--- 


02 

zj/ rM\ I „ *^*o (Oo ^lll*o+l ^2 Q'(ii*o/o2)) ^ 

B [D ) p cr*p_|_i, , I. 

02 03 / 
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By p.l9 | ) , given any (xo, 2 /o,^o) e U, 


{ Xq = z 

yo = “ aiPiz)) 

Zq = r^y ~ “ b2q{^{x - aip{z)))) 

there should exist four different solutions by Lemma 13.11 if the solution set is non-empty. 
Further, since F is a diffeomorphism, F~^{U)nU = F~^{Ur\F{U)). This, together with the 
above geometric description of F{U), yields that F~^{U) fl U has four non-empty connected 
components. 

This completes the proof. □ 

Remark 3.2. In the last section, we provide an example with the help of Mathematica 
software to draw the graph of F{U) fl U and F~^{U) HU to illustrate the results of Theorem 
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Lemma 3.9. In Cases (i)-(iv) of Theorem 13.51 for fixed 02 , bi, and 63 , and sufficiently large 
I Oil and 1 62 1 5 one has that the invariant set is uniformly hyperbolic. 


Proof. Without loss of generality, assume that 02 , 5i, and 63 are fixed, |ai| and I 62 I are large 
enough. By (i) and (ii) of Lemma ITTI we could assume that |ai| and I 62 I are sufficiently 
large such that for tc = (x, ?/, z) G t/ fl F~^{U), one has that x G (Q!jp,^i] U and 

y G (Oo5 '^2]U[52 ,^jo+i). For any point Wo = (xq, 2 / 0 , 2 ^ 0 ) e U, denote wi = F{wo) = {xi,yi,zi) 
and w_i = F~^{wo) = (x_i, |/_i, Z-i). 

From fl3.ip . fl3.2p . and Lemma 13.11 it follows that for any w = (x, y, 2 ;) G t/ fl F~^{U), 


Case (i) : 


Case (ii) 


Case (hi) 


Case (iv) : 


_ |aip'(x)| ^ max{A |a2|, 1 |a263|A -h |a2|(l -h | 5 i|)} \b2q\y)\ ^ A |6i| -h l^s 


|aip(x)| 


ttin - 


’ \b2q{y)\ 


> 


(3.23) 


|aip'(x)| ^ max{A -h |a 2 |, 1 + |a 263 |A + jasKl -h |&i|)} |& 2 <?'(l/)| ^ A -h |&i| + I &3 


|aip(x)| 


ttin - Ml 


> 


' \h2q{y)\ W-Oo+i 

(3.24) 

|aip'(x)| ^ max{A |a 2 |, 1 + |a 253 |A |a 2 |(l -h |5i|)} \h 2 q\y)\ ^ A -h | 6 i| + | 53 |. 


|aip(x)| 


M 2 — ttio+l 


’ IM(i/)l 


> 


i,o-Ni 

(3.25) 


|aip'(x)| ^ max{A + |a 2 |, 1 |a 253 |A |a 2 |(l -h | 6 i|)} \h 2 q'{y)\ ^ A | 6 i| -f- I 63 


|aip(x)| 


M2 — ttio+l 


> 


’ IM(l/)l N2-fj^+l 

(3.26) 
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Consider the point wq H F by fl3.17p . 


{ xi = aip{xo) + 022/0 

2/1 = hixo + h2q{yo) + hzo . 

Zi = Xo 

So, aip{xQ) = Xi — 022/0 and &25'(2/o) = Hi ~ ^iXq — h^ZQ. Hence, one has 



Case (i) 

: aiP(a:o) > "io ' 

-Ml, b2q{yo) -Ni] 

(3.27) 


Case (ii) : 

aip{xo) > Clio - 

Ml, -b2q{yo) >N2- ^10+1; 

(3.28) 


Case (iii) : 

-Oip(Xo) > M 2 

- ttio+i) ^2g(2/o) > ^jo - Ni, 

(3.29) 


Case (iv) : 

-oip(xo) > Ms - 

«io+i, -b2q{yo) >N 2 - ^10+1. 

(3.30) 

For any point Wq P\ 

F(U). it follows from f|3.19p that 



f X-x 

= Zo 




V-. 

= j-{xo - aip{zo)) 




= ^(1/0 - hzo - 

hqij^ixo - aip{zo)))) 


So, oip(a;_ 

.1) = Oip(2;o) = Xo 

-022/-1 and 62 g (2/- 

-1) = b 2 q{j^{xo-aip{zo))) = 2/0“ 

CO 

1 

0 

Thus, one 

has 





Case (i) : 

0 

1 

IV 

p 

o’ 

- Ml, b2q{y-i) > - Ni, 

(3.31) 


Case (ii) : 

aip{x_i) > ai^ - 

Ml, -b2q{y-i) >N2- ^jo+i. 

(3.32) 


Case (iii) ; 

-Oip(x_i) > M 2 

- tt*o+n b2q{y-i) > ijo - Ni, 

(3.33) 


Case (iv) : - 

■Oip(x_i) > M 2 - 

«io+i> -&2g(2/-i) >N2- ^10+1. 

(3.34) 

By dS 

and fir 

,27p-fl3.3UD. one has that for anv ooint Wn G U H F' 

-\u). 


Cases (i)-(iv) 

■ |aip'(xo)| > A + 

■\a2\, \b2q'{yo)\ > A + |6i| + I63I. 

(3.35) 


Now, it is to show that for any point wo G f/ fl F mc,wo > A > 1. 

Consider the unit cone 

= |v = ^ ^ : vo = (^01,^02)'^ e Mo e M, and |mo| < |^'o||, 

where |mo| = niax{|Moi|, |'yo2|} and |v| = niax{|Mo|, |mo|}- 
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Suppose that f = DF^q ( h where ( ] G By fl3.18p . 

yuij \ Uq J \ Uq J 

{ Vii = aip'{Xo)Voi + 02^02 

Vi2 = hvoi + hq'{yo)vo2 + huo . 

Ui = Uoi 

By p.35 p, if |uo| = |uoi|, then 

l^^iil > |t’oi||aip'(a:o)| - |a 2 ||^^oi| > A|uoi|; 


if |uo| = |^’ 02 |, then 


1^^121 > \vQ2\\h2q'{,yo)\ - |&l||^^02| - I&sIImoI > A|no2|, 


which implies that |(ni,Mi)| > A|(no,wo)|. Hence, mc^wo > A > 1. 

By fl3.23l) - fl3.26l) and fl3.3ip - fl3.34p . one has that for any point tco G H fl F{U), 

b2q' ( — {xo-aip{zo))] 


|aip'(a;_i)| = |aip'(^o)| > l+|a263|A+|a2|(l+|6i|), \b2q'{y-i)\ = 


Next, it is to show that then > A > 1. For any ^ ^ 


0-2 




> 1 . 

(3.36) 

^ iFi(M^,M), that is , 


|mo| > l-ool, suppose ( ^ j = ) > by p.2Up, one has 


Vo 


{ V-ll = Uq 

V-12 = j-^voi - %p'{z^)u^ 

“-1 = - aip{zo)))voi + ^no2 - - aip{zo)))p'{zo)uo 

So, by f|3.36p . 


|o_i| > 


0162 


> 


> 


02^3 

01^2 / 
q 


q'i —{xo - aip{zo)) ]p\zo) 


0-2 


kol 


O 2&3 \02 


q'i —{xo - aip{zo)) 




|t^ 02 | 

1^3 I 


N 

l^sl 


02^3 

0162 


02^3 

>A|mo|, 


q' 


(xo - aip(^i))Jp'(2;o) 

(xo - Oipi^Zo)) )p'{zo) 


|wo| - 

b2 ,1 
0263 ^ ( 

|wo| - 

b2 ,( 

02&3^ ( 


02 

02 


(xo - aip( 2 ;o)) 
(xo - aip( 2 ;o)) 


I I 1^^021 \bi\. I 

Pol - - ^pol 

PsI 


I&3 

|wo| 


l“»l - ^ - Tnl“»l 

P 3 I IO 3 I 


which yields that > A > 1. 

By Lemma 12.11 one has that the invariant set A is uniformly hyperbolic. The proof is 
completed. □ 


kol 
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Therefore, it follows from Lemmas 12.2113.81 and 13.91 that Theorem 13.51 holds. 

Based on the proof of Theorems 13.41 and 13.51 one has the following result: 

Theorem 3.6. Suppose that there are 1 < io < ''"i and 1 < jo < ’"2 such that 0 = Ojo < Ojo+i 
and 0 < and mjp = = 1. Suppose that 

(1) . 02 < 0 and aip'{0) > 0; 

(2) . max{0, 630^0+1, 610*0+1,610*0+1 + 630*0+1} < and 62g(”^o)(^^.J > 0. 

Then, for fixed 02, 61, and 63, and sufficiently large |ai| and I62I, there exists a Smale horseshoe 
for the map (13.171) . especially, there is a uniformly hyperbolic invariant set A on which F 
is topologically conjugate to the two-sided fullshift on four symbols. Therefore, they are 
Li-Yorke chaotic as well as Devaney chaotic. 

Theorem 3.7. For system fl3.17p . suppose that p{x) = Y\^=i{x—ai) and qiy) = 
where oi < 02 < • • • < am and ^1 < ^2 < • • • < are real numbers, m > 2, and n > 2. 
Then, for hxed 02, 61, and 63, and sufficiently large |ai| and I62I, there exist a Smale horseshoe 
for the map fl3.17|) and a uniformly hyperbolic invariant set A on which F is topologically 
conjugate to the two-sided fullshift on mn symbols. Therefore, they are chaotic in the sense 
of both Li-Yorke and Devaney. 

Proof. Fix a constant A > 1. It follows from the properties of p{x) and q{y) that there exist 
positive constants rji, 1 < i < m, and tj, I < j < n, such that, the sets Vi = [ai — rji, a* -f r/*], 
1 < z < m, are pairwise disjoint, and \p'{x)\ > 0 for all x G Vj, 1 < z < m; the sets 
~ + D']’ 1 ^ j ^ cire pairwise disjoint, and \q'{y)\ > 0 for all y G ILj-, 

1 < j < rz. 

Denote 


and 


U := [tti - Pi, am + Vm] X [6 - D, + Tn] X [oi - Z^i, «*** -f Pm], 


A : = 


+00 


—00 


^o:= inf |p'(x)|, := inf |g'(z/)|; 






Set 















Ml := min \p{ai±r]i)\, M[ := min \q{^j ± Tj)\; 

l<i<m 


No-.= 


iVi 


max{A + |a2|, 1 + |a2&3|-^ + |®2|(1 + |^i|)} + l^il l^sl _ 

Mo ’ ° ■” K ’ 

__ |a2| max{|^i - ri|, - r„|} + max{|ai - rji], \am - Vm\} 

Ml 


__ max{|^i - Til, - Tn\} + (|6i| + |63|)max{|Q!i - r]i\, \am - r]m\} 

1 ■“ M[ 

If I Oil > No and I&2I > N^, by applying similar approaches in the proof of Lemma ISTl one 
has that the invariant set A is uniformly hyperbolic, where the constants No and N^ have 
similar effects with the constants specihed in fl 3 . 22 p . 

If |ai| > A^i and I62I > A^i, h follows from simple computation and the fact that p{x) 
and q{y) have simple real roots, one has that F{U) fl U has mn connected components. 

Hence, if |ai| > max{A"o,A^i} and I62I > max{A"Q, A^(}, then there exist a Smale horse¬ 
shoe and a hyperbolic invariant set on which F is topologically conjugate to the two-sided 
fullshift on mn symbols. This, together with Lemma 12.21 yields that F is Li-Yorke chaotic 
as well as Devaney chaotic. This completes the proof. 


□ 


Remark 3.3. Similar results could be obtained for different parameters. For example, we 
could assume that &3 = ci = C3 = 0 and a^bi 7^ 0. 


3.3 The expanding maps 

In this subsection, we consider the following type of maps: F : (x, y, ;2) G —)■ (/i, /2, fs) G 

M 3 : 

{ fi{x, y, z) = aip{x) + a2y + asz 

f2{x,y,z) =bix+ b2q{y) Fboz , ( 3 . 37 ) 

fsix, y, z) = cix + C2y + C3r{z) 

where aib2C3 7^ 0. 

The derivative of fl 3 . 37 p is 

( aip'{x) 02 03 \ 

bi b 2 q'{y) 63 . ( 3 . 38 ) 

Cl C2 csr'iz) J 


Generally, the map fl 3 . 37 p is not invertible. 
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An example is given as follows: 


{ /i {x, y, z) = aix{l - x) + a2y + a^z 
f 2 {x,y,z) = bix + b 2 y{l-y) + b 3 Z . 
fsix, y, z) = cix + C2y + c^zil - z) 

This example can also be thought of as the generalization of the Henon map in three- 
dimensional spaces. 

Theorem 3.8. Suppose that there are 1 < io < ''"n 1 < jo < ’" 2 , and 1 < fco < ^3 such that 
0 ^ ^20+15 ^ Oo ^ O0+I5 and 0 ^ ^/co+i; and tti^q TTr^Q-i-i ^jo ^to+i 

ho = ho+i = that is, there are two distinct non-negative zeros of p{x), q{y), and r{z). 
Suppose that 

(1). 02 <0, 03 < 0, and aip'(O) > 0; 

(2). bi <0, 63 < 0, and b2q'{0) > 0; 

( 3 ). Cl < 0 , C2 < 0 , and C3r'(0) > 0 . 

For fixed 02, 03, bi, 63, ci, and C2, if |ai|, I62I, and |c3| are sufficiently large, then there exists 
a forward invariant set of the map fl 3 . 37 p on which the map is topologically semi-conjugate 
to the one-sided fullshift on eight symbols and it is chaotic in the sense of Li-Yorke. 


Proof. Denote 

U := [ 0 , OjQ+i] X [ 0 ,.^jp+i] X [ 0 , Kfco+i]. 

Fix A > 1 , 02, 03, 61, 63, Cl, and C2. It follows from Lemma ITT] that one could assume 
that |oi|, I62I, and |c3| are sufficiently large such that for rc = (a:, ?/, x) G 17 fl F~^{U), one 
has that x G [ 0 , ( 5 i] U [ 5 j, y G [ 0 , 52] U [ 5 ^, ^jo+i], and 2; G [ 0 , 53] U [ 5 ^, Kko+i]- 

Set 


Mo := min 
Suppose that 

l®i| — 


min |p'(a;)|, min \q'{y)\, niin 

xe[0,(5i]u[<5pai(,+i] j/e[0,(52]U[(5^,^jp+i] 2e[0,(53]U[(5^,Kfe(j+i] 


A -|- I02I -l- I03I I j I \ T |&i| -l- I&3I I I ^ A -|- |ci I -|- |c 2 


r'(z) 


Mn 


I&2I > 


Mn 


, IC3I > 


Mn 


( 3 . 39 ) 
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For V = {vQi,VQ2,VQzf e set |w| = maxi<i<3 |t>oi|. By {\ 3 . 38 \i . 

{ vn = aip'{xo)voi + a 2 Vo 2 + 03^03 
^>12 = bivoi + b 2 q'{yo)vo 2 + bsVos • 

Vn = civoi + C2V02 + C 3 r'{zo)vo 3 

Without loss of generality, suppose that |u| = |uoi|- Hence, by fl 3 . 39 p . one has 
|ni| = max |nij| > |nii| > |aip'(xo)||n| - |a2||n| - |a3||n| > A|n|, 

l<i <3 

which implies that ||-D-F|| > A. So, one has that the map is expansion on f/ fl F~^{U). 

For hxed 02,03,61,63,01,02, if |oi|, I62I, and I03I are sufficiently large, then there exist 
eight different closed subsets Vi,...,V8 of U such that Vi Fl = 0 , 1 < i 7^ j < 8, and 
FiVi) = U. This is a coupled-expanding map [Ml EH]- By Theorem 3.1 in [ 55 ], there exists 
a forward invariant set on which the map is topologically semi-conjugate to the one-sided 
fullshift on eight symbols, and it is chaotic in the sense of Li-Yorke. This completes the 
proof. □ 

Theorem 3 . 9 . Suppose that there are 1 < io < '^1, 1 < jo < V2, and 1 < fco < ''"3 such that 
0 < Oip < Oio+i, 0 < 0 < < Kfco+i) that is, there are two distinct positive 

zeros of p{x), q{y), and r{z). Set 

Ml := max{a2^jo + ®3^fco) ^ 2 ^ 0+1 + fl3^fco) ®2Cjo + ®3^fco-i-i) ®2^jo-i-i + ®3^fco+i}) 

M2 := min{a2^jo + ® 3 ^fco) ®20o+i + ® 3 ^A:o) ^2^0 + ®20o+i + ® 3 ^fco+i}) 

Ni := max{6iajQ -|- b^Kko, 6iQ!j(,+i -|- b^Kko, 610*5 -|- b^Kko+i, 610*5+1 -|- 63 fi:fc 5 +i}, 

N2 := min{6iO*5 -|- b^Kk^, 610*5+1 -|- b^Kk^, 610*5 -|- 63 fi:fc 5 +i, 610*5+1 -f 63 Kfc 5 +i}, 

Qi := max{ciO*5 -|- C2^jo, CiO*5+i -f 02^75, CiO*5 -1- C2^jQ^i, CiO*5+i -f 021^^5+1}, 

Q2 '■= min{ciO*5 -|- C2^jo, Ci0*5+1 -|- 02^j^, CiO*5 -|- C2^j5+i, CiO*5+i -|- C2ijQ+i}- 
Consider the following different situations: 

(i). Ml < 0*5 and aip^™'“o)(Q/j^) > 0, Yi < and b2q^'^^o\^jo) > 0, and Qi < ^*,5 and 
csr^^’^o^Kko) > 0 ; 

(ii). Ml < 0*5 and aip^'"‘o^(o*5) > 0, Yi < ^^5 and b2q^'^^o\Qo) > 0, and Q2 > Kko+i and 
csr^^'^o^Kko) < 0 ; 
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(iii) . Ml < ttjQ and > 0, > Oo+i ^2Q'*'"'-’o^(Oo) < 0; 

C3r^^’^°\i^ko) > 0 ; 

(iv) . Ml < ttjQ and aip^'^*o')(aiJ > 0 , N2 > ^j^+i and < 0’ Q2 > k/cq+i and 

C3r^^>^o\Kko) < 0 ; 

(v) . M2 > ctjo+i and aip(™'‘o)(ajJ < 0, iVi < and > 0, and Qi < Kko and 

C3r(''=o)(KfcJ > 0; 

(vi) . M2 > aio+i and aip^‘^^o'>[aiJ < 0 , Ni < and Q2 > Kfco+i and 

C3r(''“o)(KfcJ < 0; 

(vii) . M2 > ctio+i and aip^'^'o\ai^) < 0 , N2 > ^j^+i and < 0, and Qi < Kk^ and 

C3r('''o)(/s;fcJ > 0; 

(viii). M2 > cxio+i and aip(™*o)(Q;^J < 0, iV2 > ij^^+i and &2g^"™HOo) < 0> and Q2 > k/cq+i 
and c^r^^'^o')< 0. 

For fixed 02, 03, bi, 63, ci, C2, if |ai|, 1621, and jcsl are sufficiently large, then there exists a 
forward invariant set of the map 03 . 371 ) on which the map is topologically semi-conjugate to 
the one-sided fullshift on eight symbols and it is chaotic in the sense of Li-Yorke. 

Remark 3 . 4 . The eight different cases in Theorem 13.91 are the generalization of the as¬ 
sumptions 03 . 1 QP in Theorem 13.21 and the four situations in the assumptions of Theorem 

EH 


Set 


U . [ttjo , OfjQ-i-i] X [C^jo)Oo+l] ^ [^fco) ^fco+l] • 


Fix a positive constant A > 1 . 


Proof. Fix 02, Os, 61, 63, ci, and C2. By Lemma EH one could assume that |ai|, I62I, and 
|c3| are sufficiently large such that for w = {x,y,z) G U O F~^{U), one has that x G 
(aio,5i] U [5j,aio+i), y G U [52,^io+i)> and z G (^^0,^3] U Kko+i)■ 

In the following discussions, we only study Case (i), other cases could be treated by 
applying similar methods. 
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By dSID-dMl), if |ai|, I62I, and jcsl are sufficiently large, then for any w = {x,y,z) G 

unF-\u), 

\aiP'ix)\ ^ A + |a2| + Iasi \b2q'iy)\ ^ A + |6i| + I63I \c 3 r'{z)\ ^ A + |ci| + |c2| 

|aip(a;)| “ - Mi ’ |^ 2 <?(l/)| “ ' \c 2 .r{z)\ “ Kfco - Qi ' 

For any point Wq = (xo,|/o,2:o) e U nF"i( 17 ), set Wi = F{wo) = {xi,yi,Zi). By p. 37 p, 


{ Xi = aip{xo) + 021/0 + 03^0 

yi = biXo + b2q{yo) + b^Zo . 

Zi = CiXo + C2I/0 + C3r{zo) 

So, one has that aip(xo) = Xi - 021/0 - O3Z0, &2<?(l/o) = Hi - biXo - b^Zo, and C3r{zo) = 
zi — ciXo — C21/0. This yields that for any w = {x,y, z) E U H F~^{U), 

aip{x) > Q!io - Ml, b 2 q{y) > - Ni, C 3 r(z) > Kko - Qi- (3.41) 

By fl 3 . 40 |) and fl 3 . 4 ip . one has that for any w = {x,y, z) E U O F~^{U), 

|oip^(a;)| > A + I02I + I03I, \b 2 q'{y)\ > A + |6i| + I63I, \c 3 r\z)\ > A + |ci| + |c2|. ( 3 . 42 ) 

Next, it is to show that the map in Case (i) is expansion in distance. 

For V = (noi,no2,no3)^ e set |n| = maxi<j<3 |noj|- By ( 13 . 381 ) . 


{ nil = Oip'(a;o)noi + 02^02 + 03^03 
ni2 = ^inoi + b2q'{yo)vo2 + ^3^03 • 

ni3 = CiUoi + 02^02 + C3r'{Zo)Vo3 

Without loss of generality, suppose that |n| = |noi|- Hence, From ( 13 . 421 ) . it follows that 
|ni| = max |nij| > |nii| > |oip'(a:o)||n| - |o2||n| - |o3||n| > A|n|, 

l<i <3 

which implies that Ij/lF’ll > A. So, one has that the map is expansion on U H F~^{U). 

Hence, there exist eight disjoint closed subsets Vi^.-.^V^ of U such that F’(V)) = f/, 
1 < i < 8 . The map F on Ui<j< 8 V) is a coupled-expanding map [ 54 l [ 55 ]. It follows from 
Theorem 3.1 in [ 55 ] that there is a forward invariant set on which the map is topologically 
semi-conjugate to the one-sided fullshift on eight symbols, and it is chaotic in the sense of 
Li-Yorke. The proof is completed. □ 

By the proof of Theorems 13.81 and 13.91 one has the following results: 
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Theorem 3 . 10 . Suppose that there are 1 < '^o < ’"i, 1 < jo < ’"2, and I < ko < such that 

0 O2Q ^ O2Q-1-15 0 ^ aud 0 ^ i^ko ^ ^/co+i? aud 77 z^q_|_]^ 1 . Set 

Ni := maxjb^Kko, 6iQ!ip+i + b^Kko, b^Kk^+i, 610,3+1 + ^a^fco+i}; 

N 2 := min{63Kfc3, ftiOj^+i + b^Kk^, b^Kk^+i-, 610 , 3+1 + 63fi:fc3+i}, 

Ql • niaX-[c2^j3, CiOj3+i -h C2^J3, C2^J3+1, CiO,3 + i -|- C2i^j3+l]’, 

Q2 ■ niiu-{^C2^j3, S~ *^2'Cio! ^ 2 'Cio+l 5 ^lO^io+l ^2'Cio+l}' 

Consider the following four different cases: 

(i) . 02 < 0, 03 < 0, and aip'(O) > 0, A^i < and b2q^'^^o '>> 0, and Qi < and 

csr^^'^o^Kko) > 0 ; 

(ii) . 02 < 0 , 03 < 0 , and oip'(O) > 0 , A^i < and b2q^'^^o\^j^'j > 0 , and Q2 > Hk^+i and 

C3r(ho)(KfcJ < 0; 

(iii) . 02 < 0, 03 < 0, and Oip'(O) > 0, iV2 > and b2q^'^^o '>< 0, and Qi < k^q and 

C‘ir^^^o\Kko) > 0 ; 

(iv) . 02 < 0 , 03 < 0 , and oip'(O) > 0 , A^2 > Oo+i b2q^"‘^o'‘(Q q) < 0 , and Q2 > K.ko+i and 

C 3 r(''“o)(fi;fcJ < 0 . 

For hxed 02, 03, 61, 63, ci, and C2, if |oi|, I62I, and jcsl are sufficiently large, then there exists 
a forward invariant set of the map (I 3 . 37 p on which the map is topologically semi-conjugate 
to the one-sided fullshift on eight symbols and it is chaotic in the sense of Li-Yorke. 

Theorem 3 . 11 . Suppose that there are I < io < ri, 1 < jo < r2, and I < ko < such that 
0 0^3 ^ 0^3+1, 0 ^j3 ^j3+i, and 0 ^ i^ko ^ and ?7r^3+i ^jo+i 

Suppose that 

(1) . 02 < 0 , 03 < 0 , and oip'(O) > 0 ; 

(2) . 61 < 0, 63 < 0, and 62g'(0) > 0; 

( 3 ) . max{0,ciOio+i,C2Cjo+i,ciOi3+i + C2^j3+i} < Kko and cor^^^o\Kko) > 0 . 
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For fixed 02, 03, 61, 63, ci, C2, if |ai|, I62I, and |c3| are sufficiently large, then there exists a 
forward invariant set of the map fl 3 . 37 |) on which the map is topologically semi-conjugate to 
the one-sided fullshift on eight symbols and it is chaotic in the sense of Li-Yorke. 

Remark 3 . 5 . Similar results could be obtained if the polynomials p{x), q{y), and r(z) have 
two different non-positive roots, respectively. 


4 Smale horseshoe in high-dimensional polynomial maps 

In this section, we study the existence of Smale horseshoe and uniformly hyperbolic invariant 
sets of the maps fll. 4 l) . we generalize the well-known results obtained in [T 7 ] . 

The derivative of the map (II .dh is 

/ 0 ai 2 • • • din \ 

0-21 0 


DF = diag[- 2 xi, - 2 x 2 , •••, - 2 x^, 0 ^^^^^ 

n—d 


^In 

d 2 n 


( 4 . 1 ) 


y dnl dn2 ■ ■ ■ 0 J 

Now, it is to study the inverse of the map F. We consider the following three types of 
maps with the inverse expressions. 

Case ( 1 ). Suppose that n > 2 d, and fll.dp can be written as follows: 


(4.2) 


/ /i(xi,...,x„) \ 


/ On - x^ \ 

d n — 2 d d 

/ 3)1 \ 

/d(xi, ...,x„) 


add - xl 

^ d (a b c I 

Xd 

fd+l{xi, ..., X,^) 


0 

n — d\D E 0 / 


y /„(xi, ...,x„) / 


V 0 J 


\ Xn / 


where C and G = {D, E) are invertible matrices. 

By direct calculation, one has that the inverse map H : M” —>■ M” is 


/ hi(xi,... 


= G-^ 

( Xd+l \ 

y hn—diA^i * 

j 


\ Xn ) 


(4.3) 


^ hn—d+l{X\,...,Xn) 
y hn{Xl,...,Xn) 


= C 


-1 


f \ 


\x, J 


C-^L 


/ hA 


\h, J 


C 


-1 


( an — h\\ 

022 - hi 
\ add -hi J 


( 4 . 4 ) 
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where L = {A,B) is a. d x {n — d) matrix. In the above expressions, we should use fl 4 . 3 l) to 
substitute hi, ...,hd in the right hand side of fl 4 . 4 p . 

Suppose that 


n — d 


G-^ = {D,E)-^ 



( 4 . 5 ) 


The Jacobian of the inverse map is 


where 


DH = 


n — d 
d 


d n — d 

0 G-^ 

G-^ -G-^LP + S 


S = C-‘(diag[ 2 ;ii...., 2 ;iJ)F. 


( 4 . 6 ) 


Case ( 2 ). Suppose that ^d < n < 2 d, and fll. 4 p can be written as follows: 


/ 

fi{xi,.. 


\ 


/ an - xj 

\ 



n 

-d 

2d — n 

n — 

d 









2d — n 

/ 

A 

B 

0 

\ 


fd{xi,.. 

• 5 Xfi) 



add - xl 


+ 








fd+l{xi. 

• • : 



0 


n — d 


G 

D 

E 










n — d 

\ 

G 

0 

0 

/ 

V 

fniXl, .. 


J 


V 0 

) 









/ xi \ 


Xd 

Xd+l 

\ Xn / 

( 4 . 7 ) 


where B, E, and G are invertible matrices. 

The inverse map H : —)• R"" is as follows: 


/ hi \ 


{ Xd+l \ 


= G-^ 


y hfi—d j 


\ Xn ) 


hn—d-\-l 


= B 


-1 


hd j 


( Xi \ 


y ^2d—n J 


( 


ail 


h\ \ 


\ 0-2d-n,2d-n / 


-AG 


-1 




Xr, 


\ 


\ 
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( ^(i+1 \ ^ ^ X2d—n+l 

=E-^ 


y hn j 


\ / ®2(i-n+l,2d-n+l ^2(i-n+l ^ \ \ 

-C 


vv y 

y ^2d—n+l \ 


V 


add - hi 


J 


y h2d—n j j 


-E-^D 


V 


hd 


J 


It is evident that the degree of the inverse map is four. 
Suppose that 

n — d 

2d — n I K 


2n — 3d 2d — n 


G-^ = 


) E ^ — n — d 


2n — 3d 


M 


N 


and 


2n — 3d 2d — n 


^ — fi — d 

The derivative of the map is 


P 


Q 


2d — n n — d n — d 


n — d ( 
2d — n 
n — d 


0 0 

5-1 0 

V K 5-1 


G-i ^ 
W / 


where 


^ = 5-i(diag[2hi, 2 h 2 d-n])h^ - B-^AG-\ 
V = -QB~^ + iV(diag[2h„_rf+i, 2hd])B~\ 


W = E i(diag[2/i2d-n+i, •••,2hd]) ^ ^ ~ 


E-^GK - E-^D 


-1 





(4.8) 


Case (3). It is to investigate the following type of map, where n < 2d and the degree of 
the inverse map is equal to 

( \ (ax\-x\\ n-d 2d - n +1 n-d-1 ^ 


fd(Xi, ...,Xn) 
fd+1 {Xi , ., Xn) 

V fn{Xu...,Xn) J 


add - 

0 


V 0 J 


n — d — 1 
+ 2d-n + l 
n — d 


< A 
D 
\ G 


B 

E 

0 


G ^ 
0 

0 / 


Xd 

^d+l 


\ 

(4.9) 
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where C and G are invertible. In the matrix 
coefficients are zero. Suppose that 


B 

E 


2d—n 

n an-d+i,n-d+i+i 7 ^ 0, all the other 
i=0 


^ Si ^ 
\ S2d-n+l ) 


(4.10) 


where s, is a 1 x (n — d) matrix, l<i< 2d — n + 1. 
The inverse map H : M”' —)■ R” is 


/ hi \ 


{ Xd+l \ 


= G-^ 


y ^n—d j 


\ Xn ) 


^ hd+2 ^ 

y hn j 


= c 


-1 


/ 


V 


( Xi \ 


(4.11) 


y ^n—d—1 J 

the map hn-d+i is given recurrently, l<i<2d — 

h 1 ^ 

^n—d+l 


^n—d,n—d-\-l 


/ ail — h\ 

y 0‘n-d-l,n-d-l ~ h^-d_l J 

/ 


\ 

-AG-^ 

( Xd+l \ 

\ 

/ 

\ Xn j 

) 


X-n—d ifln—d^n—d h.^_^) 


V 


G 


-1 


V 


/ Xd+i \ 


\ Xn J 


\ 




\ 




h — 

'^n—d+i 


^n—d+i—l^n—d+i 

2<i<2d — n + l, 


( ( Xd+l \ \ 

Xn—d+i—l (®n—d+i—l,n—d+i—1 hj^_d_^_i_i) SjG 


V 


\ Xn J 




where Si is specified in fl4.10p . 

The degree of the inverse map is equal to 2^'^“”. 
Suppose that 

n — d 


G-^ = 



K 

L 
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The derivative of the inverse map H is 


n 


n-d / 0 0 G-^ \ 


n — d — 1 2d — n + 1 n — d 

\ n — d 


( 



\ 


2d — n + 1 0 

n — d — 1 \ C~^ 


0 


-DG-^ + 2d-n + 1 SW 

V 

n — d — 1 \ 


dhd . . . dhd 

\ dxi dxn 


0 / 
(4.12) 



Set 


R := min 

l<i<d 



(4.13) 


In the following discussions, fix a constant A > 1. 

Theorem 4.1. For the maps in Cases (l)-(3), for fixed a^, 1 < i ^ j < n, and suffi¬ 
ciently large aii,...,add, there exists a Smale horseshoe and a uniformly hyperbolic invariant 


set on which the map is topologically conjugate to the two-sided fullshift on 2'^ symbols. 


Consequently, the map is chaotic in the sense of both Li-Yorke and Devaney. 

First, it is to study the point Wq ^ U O F{U), that is, tc_i = F~^{wo) G U. 

Lemma 4.1. In Case (1), for any hxed aij in fl4.2l) . 1 < i ^ j < n, there is a positive constant 
Ni, such that if mini<j<d{aii} > iVi, then for the map fl4.2p and any Wo E U O F{U), one 
has that > A > 1. 

Proof. For the point Wq eU F{U), set w_i = F~^{wo) = H{wo) E U. By the invertibility 
of G, the expression of F~^, and the definition of the region U, one has that 


Gittii <hfl< G[aii, 1 < i < d, 


(4.14) 


where Gi and G[ are positive constants dependent on Oij, I < i ^ j < n, and an,..., add are 
sufficiently large. 
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Consider the following unit cone: 


Ki[ 


Tn>n—d\ 


= < V = 


Mo 


: "^0 = (^^ 0 , 1 ) ■■■,Vo,dT e 


Uo = (mo, 1 ) •••)“o,n-d) e M” , and |mo| > l^ol C 


where |mo| = niax{|Mo,i|) l«o| = max{|Mo,il! l“o,d|}, and |v| = niax{|Mo|, |^io|}- 

Suppose that DH{y) = ^ where m_i = G and m_i = 

...,u_i^n-dV ^ It follows from fl4.6p that 

M_i = G~^uo, M_i = C“^Mo — C~^LPuq + Suq. (4-15) 

To show that > A, it is sufficient to show that |m_i| < |m_i| and |m_i| > A|mo|- By 

fl4.15p . we only need to consider the following part: 

I “ 0,1 \ 

Wo,2 


Sun = S 


Suppose that 


P = 


y ^0,11—d j 


( S\\ 

S2 


\Sd j 

where s* is a 1 x (n — d) matrix, 1 < i < d. So, by direct calculations, one has that 


/ 


5 


( “ 0,1 \ 

Wo ,2 

^0,n—d j 


= 2C 


-1 


Si 


/ Xd+l \ 
Xd+2 


\ Xn j 


( “ 0,1 \ 


Si 


Wo ,2 




y '^0,11—d j 


Sd 


( Xd+\ \ / Wo,l \ 

Xd+2 


\ 


Sd 


\ Xn j 


Wo ,2 

y ^0,n—d j 


= 2C 


-1 


/ 


/ / Wo,l \ \ 

Wo,2 

hiSi 

Y ^0,n—d J 

( “ 0,1 \ 

Wo,2 

y Wo,n—d J 


hdSd 


y 


/ 

(4.16) 

This, together with fl4.5p and fl4.14l) . implies that if an,..., add are sufficiently large, then 
|m_i| > |m_i| and |m_i| > AImqI, yielding that > A > 1. The proof is completed. □ 
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Lemma 4.2. In Case (2), for any fixed aij in fl4.7p . I < i ^ j < n, there is a positive constant 
A^i, such that if mini<j<d{aij} > Ni, then for the map fl4.7p and any wq ^ U O F{U), one 
has that > A > 1 

Proof. It follows from the invertibility of B and E, the expression of the inverse of fl4.7p . 
and the dehnition of the region U, that 

C2aii <h‘l < C'^au, l<i<d, (4.17) 


where C 2 and C 2 are positive constants dependent on a^, 1 < j < n, and j 7 ^ i, and 
Oil ,Odd are sufficiently large. 

Consider the following unit cone: 





Uo — ( mo , 1 , . 


° ^ : Vo — {vo,i, ■■■,Vo,d)'^ £ , 

Vo J 

..,uo,n-df e and |mo| > |no| 




where |no| = max{|no,i|,..., kol = max{|Mo,i|,..., \uo,d\}, and |v| = max{|no|, |mo|}. As¬ 


sume that DH ( v) = 


U-l 


, where r>_i = (v-pi, ...,V-i^dV ^ and m_i = ..., G 


bn—d 


Suppose that Vq = 


_ / 


and n_i = 


ni, 


, where the dimension of Uq and ni, is 


2d — n. By fl4.8p . one has that 



1 / 

ni. 

- 

\ «-i y 

' \ 


G-^uo 

B~^Vq + Suo 
Vv^o + E-^vi + Wuo 


(4.18) 


To show that > A, it is sufficient to show that |n_,| < |n_,| and |n_,| > A|no|. It 

follows from fl4.8l) and fl4.18p that we only need to study Suq, Vvq, and ITmo. So, we have 
to consider the following three terms: 


Since G ^ 
that 


B ^(diag[2h,, ..., 2 h 2 d-n])A'no, At(diag[ 2 h„_d+i,..., 2/id])5 
E \diag[2h2d-n+i,-;2hd]) B-\dieig[2hi,...,2h2d-n\)K ) 


K 


, where K is {2d — n) x {n — d), and L is (2n — 3d) x {n — d), one has 


E ^(diag[2h2d_n+i, ...,2hrf]) 


B ^{dieig[2hi,...,2h2d-n])K 


> 


B \diag[2hi,...,2h2d-n])K 
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if ail, ■■■iddd are sufficiently large. By direct calculation, 


( 


L 

..., 2h2d-n])K 



E2n-3d 0 

0 5-1 



2n—3d 


where E 2 n- 3 d = 


'2n—Sd — 



. It follows from the assumption |(i < n, the fact that E and G 


2n—3d 

are invertible, and (14.171) . that 


\\Wuo\\ > \\Vv 



if ail,..., cidd are sufficiently large. 

Hence, > A > 1 for sufficiently large an, ...,add- This completes the proof. □ 


Lemma 4.3. In Case (3), for any hxed aij in (14.9p . I < i ^ j < n, there is a positive constant 
Ni, such that if mini<j<d{aii} > Ni, then for the map (14. 9 h and any wq E U D E{U), one 
has that > A > 1. 

Proof. By the invertibility of C and G, the expression of the inverse of (14.9p . and the deh- 
nition of the region t/, one has that 


Gsaii < h] < C'^aa, I <i <d, 


(4.19) 


where C 3 and G 3 are positive constants dependent on atj, 1 < i ^ j < n, and an,..., add are 
sufficiently large. 

Consider the following unit cone: 



Uo = (mo,i, e M” and |mo| > l^^ol j, 

where |no| = max{|no,i|, •••, |wo,d|}, l^ol = max{|Mo,i|, •••, and |v| = max{|no|, |mo|}- 



n — d. 
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By fl4.12l) . one has that 



1 

o 

/ \ 

= 

/ c)fln-d ^^n-d \ 

dxi dxn 

Sv^ - DG-^Uo + SW : : : 

dhd . . . dhd 

\ dx^ dXn / 

V 


\ uF j 


V + Vuo / 


(4.20) 


To show that > A, it is sufficient to show that |n_i| < |m_i| and |m_i| > A|mo|. 

By (14.121) and (14.201) . one only need to investigate the expressions for v^i, and By 
(14.lip and (I4.12p . if aii,...,add are sufficiently large, then ^ Cn^=n-dl^*l) where C is 
a constant dependent on v an the parameter Ojj, i ^ j- This, together with the expression 
for ul and (Id.lOh . implies that |n_i| < |m_i| and |m_i| > A|mo|. This completes the whole 
proof. □ 


Now, it is to study U n F-\U). 


Lemma 4.4. For any hxed aij, 1 < i ^ j < n, there is a positive constant iVi, such that 
if mini<j<rf{ajj} > iVi, then for the map fll.4p and any Wq E U O one has that 

me,wo > A > 1. 

Proof. Suppose that wq = (xop,..., xo,n) E U, wi = F{wq) = {xi,i, ...,xi,n), and W-i = 
F~^{wo) = (a;_i 4 ,..., x_i,„). Since wo E U D F~^{U), one has that wi = F{wo) E U, that is, 

—R < an — xf + < -R) 1 < * < d, 

this, together with the fact that \xk\ < R, 1 < k < n, and the dehnition of R in fl4.13p . 
implies that 

C^an < xl < C'^an, l<i<d, (4.21) 

where and C'^ are positive constants dependent on ajj, 1 < j < n, and j ^ i, and 
Oil,..., Odd are sufficiently large. 

Consider the unit cone 

= |v = ^ : ^0 = (^0,1, e M", 

Uo = (mo,i, •••,Mo,n-d)^ e and |mo| < |no| k 
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where |r;o| = max{|wo,i|,|vo,d|}, l^ol = max{|Mo,i|,|Mo,d|}, and |v| = max{|no|, |mo|}. 
Without loss of generality, suppose that |no| = I'^^opl and |mo| = |mo,i|- Set DF^y) = 
, where vi = ...,vi^dV ^ = (wpi, •••, e So, if an is 

sufficiently large, by fl4.2ip . then 

|^^l| > > 2 |xi||r;o,i| - Y1 MM - Y1 M\M-d\ 

2<j<d d-\-l<j<n 

> 2|xi||r>o,i| - |ap| ) lwil > 

d-\-l<i<n \ } 

2 <_ 7 <n ^ ' 

implying that rric^wQ > A > 1. This completes the proof. □ 

Lemma 4.5. In Cases (l)-(3), for fixed parameters a^j, 1 < f 7 ^ j < n, and sufficiently large 
aii,--- 5 ®dd 5 fhe invariant set A = r\^_^F'-{U) is uniformly hyperbolic. 

Proof. This can be obtained by applying Lemmas 12.1114.1H4.4I □ 

Lemma 4.6. In Cases (1)~(3), for fixed a^, 1 < f 7 ^ j < n, if an,..., add are sufficiently 
large, then F{U) fl U and F~^{U) fl U have 2'^ connected components, respectively. 

Proof. It is to show that F{U) fl U has 2'^ components. 

Fix any i, I < i < d, and £x any xj with Xj G [—R, R] and j ^ i, where R is specified 
in (I4.13p . So, the function fi{xi, ...,Xn) = an — x‘f + Yi<j<n t)e rewritten as 

follows: 

fi{xi,..., Xi-i, y, Xi+i, ...,Xn) = an-y'^ + aijXj, y G [-R, i?], 1 < i < d. 

By the dehnition of R in fl4.13p . if an is sufficiently large, then an — y'^ + 

Call"^ ~ an — y'^, which implies Graph (y, fi{...,y, ...))r\{[—R, R]x[—R, R]) has two connected 
components for sufficiently large an. Therefore, one has that F{U) fl U has 2“^ components 
for sufficiently large an, 1 < i < d. 

Since the map F is diffeomorphic, one has that F~^{U) fl f/ = F~^{F{U) fl U) has 2^^ 
components. This completes the proof. □ 

Therefore, it follows from Lemmas 12.2114.51 and 14.61 that Theorem 14.11 holds. 
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Remark 4.1. Similar results can be obtained, if we substitute the functions Ai{x) by general 
polynomials. For example, we could consider the following type of polynomial maps: 


/l(xi, ...,Xn) = aiiXi(l - Xi) + 
fd+l{Xi, ...,Xn) = Y^l<j<n, j^d+1 


fn(Xl, ■■■, Xn) — Y^l<j<n-1 ^njX 


where aij, 1 <i,j < n, are parameters. 


(4.22) 


Remark 4.2. It is an interesting question to hnd the general inverse maps for the following 
type of maps: 

fi{xi, ...,Xn) = an{xi - bu) ■ • • (xi - 


fdi^Xi, ...^Xn) Ojdd{Xd ^dl) ' ' ' {Xd S” ^^l<j<n, j^d^djXj 

fd+l{Xi, ■■■,Xn) = X]l<j<n, j^d+1 ^d,+ l,jXj 


(4.23) 


^ Jn[Xi, Xn) /^l<j<n-l^njXj 

where aij and bki are parameters. We guess that we could apply similar discussions above to 
show that for fixed aij, 1 < i ^ j < n and sufficiently large an, ...,add, there might exist a 
Smale horseshoe and a uniformly hyperbolic invariant set on which the map is topologically 
conjugate with the fullshift on siS 2 ■ ■ ■ Sd symbols. 


5 Existence of strange attractors by simulations 

In this section, many interesting maps with strange attractors are collected. The Mathemat¬ 
ical software Maple is applied to find the strange attractors and the corresponding maximal 
Lyapunov exponent is calculated. The maximal Lyapunov exponents of these maps are all 
positive, yielding that these maps have complicated dynamical behavior. For the calculation 
of the maximal Lyapunov exponents, please refer to [TB] . For the simulation of these strange 
attractors, the initial value is taken as (0.5, 0.5, 0.5), the first 80000 points are omitted and 
the next 200000 points are kept. Figures [IH give the simulation graphs of the maps (2), (8), 
(11), (20), (24), and (33) from the following table. 
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Strange Attractors 

No. 

Parameters 

Polynomial 

Max Lya Exp 

1 . 

oi = 2.6, 02 = 0.3, 03 = 0, 
hi = 0.4, 62 = 1.7, 63 = 0.5, 

Cl = 1, C 2 = 0, C 3 = 0 

p(x)= x(l-x) 

q(y)= y(i-y) 

r(z )=0 

0.109706 

2 . 

oi = 2 . 8 , 02 = 0 . 2 , 03 = 0 . 6 , 

hi = 0.6, &2 = 2.4, 63 = 0.1, 

Cl = 1, C 2 = 0, C 3 = 0 

p(x)=x(l-x) 

q(y)=y(i-y) 

r(z )=0 

0.322432 

3. 

Oi = 4.5, 02 = 0.1, 03 = 0, 
hi = 0.3, 62 = 7, &3 = 0.1, 

Cl = 1, C 2 = 0, C 3 = 0 

p{x) = x{l — xY 

Qiy) = vY-yf 

r{z) = 0 

0.399491 

4. 

oi = 5.9, 02 = 0.1, 03 = 0, 
hi = 0.3, 62 = 1.3, 63 = 0.1, 

Cl = 1, C 2 = 0, C 3 = 0 

p{x) = x^{l — x) 

(i{y) = y‘^Y--y) 

r(z )=0 

0.418139 

5. 

oi = 5.9, 02 = 0.1, 03 = 0, 
hi = 0.3, 62 = 4.7, 63 = 0.1, 

Cl = 1, C 2 = 0, C 3 = 0 

p{x) = x^{l — x) 

(i{y) = y‘^Y--y) 

r{z) = 0 

0.476862 

6. 

Oi = 8, O2 = 0 . 1 , O3 = 0 , 

hi = 0.3, 62 = 1.3, 63 = 0.7, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = x{l — xY 

Qiy) = yY-yY 

r{z) = 0 

0.312734 

7. 

Oi = 13, O2 = 0.1, O3 = 0, 
hi = 0.3, &2 = 8 , &3 = 0.1, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = a;^(l — xY 

qiy) = yYl-yY 

r{z) = 0 

0.427413 

8 . 

oi = 10 , 02 = 0 . 1 , 03 = 0 , 

hi = 0.7, &2 = 10, 63 = 0.2 

Cl = 1, C2 = 0, C3 = 0 

p{x) = x{l — xY 

Yy) = yY-yY 

r{z) = 0 

0.304944 

9 . 

ai = 28, 02 = 0 . 1 , 03 = 0 , 

hi = 0.3, &2 = 20, &3 = 0.1, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = x‘^Y ~ ^Y 

Yy) = y‘^Y - yY 

r{z) = 0 

0.383889 

10 . 

Oi = 20, 02 = 0.4, 03 = 0, 
h^ = 0.3, &2 = 20, 63 = 0.1 

Cl = 1, C2 = 0, C3 = 0 

p{x) = a;'^(l — xY 

q{y) = y^Y-yY 

r{z) = 0 

0.434574 

11. 

Oi = 34.5, 02 = 0.4, 03 = 0, 
hi = 0.5, 62 = 34, 63 = 0.2, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = x'^Y ~ ^Y 

qiy) = y^Y- yY 

r{z) = 0 

0.280940 

12 

oi = 30, 02 = 0.1, 03 = 0, 
hi = 0.2, 62 = 23, &3 = 0.2, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = x^Y ~ ^Y 

q\y) = y‘^Y- yY 
rY) = 0 

0.330790 

13. 

oi = 37, 02 = 0.2, 03 = 0 
hi = 0.6, 62 = 36, 63 = 0.2, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = x^Y ~ ^Y 1 
q{y) = y^Y-yY 

r{z) = 0 

0.231571 


ai = 29, 02 = 0.2, 03 = 0, p{x) = x‘^{l — xy 
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14. 

bi = 0 . 6 , 62 = 22 , h = 0 . 2 , 

Cl = 1, C2 = 0, C3 = 0 

q{y) = y\^-yf 

r{z) = 0 

0.367095 

15. 

ai = 65, 02 = 0.3, 03 = 0, 

= 0.5, 62 = 50, 63 = 0.3, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = a;^(l — xY 

(i{y) = y^Y-yf 

r{z) = 0 

0.252414 

16. 

oi = 180, 02 = 0.3, 03 = 0, 
b^ = 0.2, 62 = 160, &3 = 0.3, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = x^{l — xY 
q\y) = y\l- yY 
r{z) = 0 

0.399516 

17. 

oi = 390, 02 = 0.3, 03 = 0, 
b^ = 0.5, 62 = 250, 63 = 0.1, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = x^{l — xY 

q\y) = y\^ - yf 

r{z) = 0 

0.358692 

18. 

Oi = 19000, 02 = 0.1, 03 = 0, 
bi = 0.3, 62 = 800, 63 = 0.7, 

Cl = 1, C2 = 0, C3 = 0 

p{x) = a;^(l — x)^ 

qiy) = y^Y - yV 

r{z) = 0 

0.542847 

19. 

Oi = 2.5, 02 = 0.2, 03 = 0, 

61 = 0.2, 62 = 2.7, &3 = 0.1, 

Cl = 1, C 2 = 0, C 3 = 0 

p{x) = {x + l)a;(l — x) 

q\y) = \y + YyY - y) 

r{z) = 0 

0.210240 

20 . 

Oi = 0 , O 2 = 1, O 3 = 0 , 

61 = 0 , 62 = 0 , 63 = 1 , 

Cl = 0 . 6 , C 2 = 0 . 6 , C 3 = 1 

p{x) = 0 
q\y) = 0 

r{z) = {z + 1)^(1 — z) — 1 

0.175343 

21 . 

oi = 0 , 02 = 1 , 03 = 0 , 

5i = 0 , 62 = 0 , 63 = 1 , 

Cl = 0.1, C 2 = 0.2, C 3 = 14.5 

p{x) = 0 
qly) = 0 

r{z) = zYl-zY 

0.401407 

22 . 

oi = 0 , 02 = 1 , 03 = 0 , 

61 = 0 , 62 = 0 , 63 = 1 , 

Cl = 0.3, C 2 = 0.4, C 3 = 14.1 

p{x) = 0 
qly) = 0 

r{z) = 2:^(1 — z)'^ 

0.250262 

23. 

di = 0, (I 2 ~ 0.7, CI 3 = 0, 
bi = 0, &2 = 0 , 63 = 0.7, 

Cl = 0.2, C 2 = 0, C 3 = 23 

p{x) = 0 
qly) = 0 

r{z) = z^{l — z)'^ 

0.492135 

24. 

Oi = 0, 02 = 0.8, 03 = 0, 

bi = 0, 62 = 0 , 63 = 0.7, 

Cl = 0.2, C 2 = 0, C 3 = 53 

p{x) = 0 
qly) = 0 

r{z) = z‘^{l — 2 :)^ 

0.510269 

25. 

oi = 0, 02 = 0.8, 03 = 0, 

bi = 0, 62 = 0 , 63 = 0.7, 

Cl = 0.3, C 2 = 0.3, C 3 = 440 

p{x) = 0 
qly) = 0 

r{z) = 2:^(1 — z)^ 

0.279378 

26. 

oi = 2, 02 = 0.3, 03 = 0, 
bi = 0.4, &2 = 2, &3 = 0.5, 

Cl = 0.5, C 2 = 0, C 3 = 2 

p{x) = x{l — x) 

Yy) = yY - y) 

rY) = zY ~ z) 

0.113261 

27. 

oi = 3.5, 02 = 0.1, 03 = 0, 

61 = 0.3, 62 = 2.3, 63 = 0.2, 

Cl = 0.2, C 2 = 0, C 3 = 3 

p(x) = xY — x) 

Yy) = yY - y) 

rY) = zY ~ z) 

0.336029 




cii — 3.2, (I 2 — 0.1, CI 3 — 0, 

pY) = xY — x) 


28. 

h = 0.3, 62 = 2.5, bs = 0.2, 

Yy) = yY - y) 

0.0399768 
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Cl = 0 . 2 , C 2 = 0 , C 3 = 2.6 

r(z) = z{l — z) 


29. 

ai = 3.2, 02 = 0.1, 03 = 0, 

= 0.3, &2 = 2.5, 63 = 0.2, 

Cl = 0.2, C 2 = 0, C 3 = 3 

p{x) = x{l — x) 

(i{y) = 1/(1 - y) 

r{z) = z(l — z) 

0.0971938 

30. 

oi = 3.2, 02 = 0.1, 03 = 0, 

= 0.3, &2 = 2.5, 63 = 0.2, 

Cl = 0.2, C 2 = 0, C 3 = 3.2 

p(x) = a;(l — x) 

Q(y) = 1/(1 - y) 

r(z) = z{l — z) 

0.198463 

31. 

oi = 3.2, 02 = 0.1, 03 = 0, 

61 = 0.3, 62 = 2.5, 63 = 0.2, 

Cl = 0.2, C 2 = 0, C 3 = 3.3 

p{x) = x{l — x) 

(i{y) = 1/(1 - y) 

r{z) = z(l — z) 

0.226691 

32. 

Oi = 3.2, 02 = 0.1, O 3 = 0, 
b^ = 0.3, &2 = 2.5, 63 = 0.2, 

Cl = 0.2, C 2 = 0, C 3 = 3.4 

p(x) = x(l — x) 

Q(y) = 1/(1 - y) 

r(z) = z{l — z) 

0.293952 

33. 

oi = 15, 02 = 0.2, 03 = 0.1, 

61 = 0.3, 62 = 2.6, 63 = 0.2, 

Cl = 0 . 6 , C 2 = 0 . 2 , C 3 = 20 

p{x) = x^(l — xY 

(i{y) = 1/(1 - y) 

r{z) = z‘^{l — zY 

0.149243 

34. 

oi = 20, 02 = 0.3, 03 = 0.2, 

61 = 0.2, 62 = 2.5, bs = 0.2, 

Cl = 0.2, C2 = 0.2, C3 = 25 

p{x) = x^(l — xY 

(i{y) = yY - y) 

r{z) = z‘^{l — zY 

0.183814 

35. 

Oi = 4, 02 = 0.4, 03 = 0.3, 

61 = 0.2, 62 ~ 90, 63 = 0.2, 

Cl = 0.2, C2 = 0.2, C3 = 1760 

p{x) = x^(l — xY 

Qiy) = y^Y-yY 

r{z) = z^Y ~ 

0.333486 

36. 

oi = 4, 02 = 0.4, 03 = 0.3, 

&i = 0.2, 62 ~ 60, 63 = 0.2, 

Cl = 0.2, C2 = 0.2, C3 = 1700 

pY) = x^(i — xY 

Yy) = y^Y-yf 

r{z) = z^Y ~ 

0.206663 


6 Example 

In this section, two examples are provided to illustrate the theoretical results obtained in 
Theorems 13.21 and 13.51 All the illustration graphs in this section are drawn by using the soft¬ 
ware Mathematica. The interested readers can make simple programs to run some softwares 
and obtain more interesting graphs. 

Example 6.1. Consider the following example: 

( fi{x,y,z) = 7{x-l){2-x) + 0.2y + z 

{ f 2 {x,y,z)=x (6.1) 

I hix,y,z) = 0.2?/, 
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It is evident that this map satishes the conditions in Case (i) of Theorem 13.21 Set U = 
[1,2] X [1,2] X [0.2,0.4]. Figures [7] and E] provide the graphs of F{U) HU and F~^{U) HU, 
respectively. By Theorem 13.21 there exists a Smale horseshoe, the invariant set is uniformly 
hyperbolic and is topologically conjugate to fullshift on two symbols. 

Example 6.2. Consider the following example: 

( fi{x,y,z) = 7{x-l){2-x) + 0Ay 

I h{x,y,z) = 7{y-l){2-y) + 0Az (6.2) 

( fsix^y^z) = X, 

It is evident that this map satishes the conditions in Case (i) of Theorem 13.51 Set U = 
[1,2] X [1,2] X [1,2]. Figures [9] and [10] give the graphs of F{U) fl U and F~^{U) fl U, 
respectively. From the computer simulations, we hnd that the graph of F~^{U) is very big 
compared with U. So, we only give a part of the graph of F~^{U) fl U. It follows from 
Theorem [33] that there are a Smale horseshoe and the uniformly hyperbolic invariant set on 
which the map is topologically conjugate to fullshift on four symbols. 
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List of Figure Captions 


Figure 1. 

Figure 2. 

Figure 3. 

Figure 4. 

Figure 5. 

Figure 6. 

Figure 7. 
Figure 8. 
Figure 9. 
Figure 10. 


The chaotic attractor of map (2) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 

The chaotic attractor of system map (8) in Section 5, where the initial value is taken 
as (0.5, 0.5, 0.5). 

The chaotic attractor of map (11) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 

The chaotic attractor of map (20) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 

The chaotic attractor of map (24) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 

The chaotic attractor of map (33) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 

The illustration graph of F{U) fit/ in Example 16.11 where U = [1, 2] x [1, 2] x [0.2, 0.4]. 
The illustration graph of F~^(U)P[U in Example 16.11 where U = [1, 2] x [1, 2] x [0.2, 0.4]. 
The illustration graph of F{U) fl 17 in Example 16.21 where U = [1, 2] x [1, 2] x [1, 2]. 
The illustration graph of F~^(U) fl 17 in Example 16.21 where U = [1, 2] x [1, 2] x [1, 2]. 
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Figure 1: The chaotic attractor of map (2) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 



Figure 2: The chaotic attractor of system map (8) in Section 5, where the initial value is 
taken as (0.5, 0.5, 0.5). 
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Figure 3: The chaotic attractor of map (11) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 



Figure 4: The chaotic attractor of map (20) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 
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Figure 5: The chaotic attractor of map (24) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 



Figure 6: The chaotic attractor of map (33) in Section 5, where the initial value is taken as 
(0.5, 0.5, 0.5). 
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Figure 7: The illustration graph of F{U) fl t/ in Example 16.11 where U = [1,2] x [1,2] x 
[0.2, 0.4], 



Figure 8: The illustration graph of F ^(f/) fl f/ in Example 16.11 where U = [1,2] x [1,2] x 
[0.2, 0.4]. 
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Figure 9: The illustration graph of F{U) flf/ in Example 16.21 where U = [1, 2] x [1, 2] x [1, 2], 
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